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The FSW process
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The Four Phases of Creating a Weld
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Mechanisms of Welding

Steady State:
Heat
Shear flow
Applied pressure
Plastic/elastic

Parameters:
Aluminium Steel

k 237 24 J/s.m.K
E 70 210 GPa
ν 0.35 0.3
ρ 2700 8170 kg/m3

cp 897 418 J/kg.K
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Heat

What Role Does Heat Play?
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The heat model

Newtonian Cooling

ρc
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∂t
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r

∂

∂r

[
rk
∂T

∂r

]
+ q̇s

∣∣∣∣
(rp,rs]

ρpcp
dTp
dt

= q̇p
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rp

+
hps
Vp

(Tp − Ts) +
hp
Vp

(Tp − T |rp)

ρscs
dTs
dt

= −hps
Vs

(Tp − Ts) +
hs
Vs

(Ts − T |(rp,rs])
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The Heat Equation
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Lessons Learned

1 The shoulder is mostly responsible for heating, not the pin.
2 The heat loss through the tool is significant.
3 The heat does not travel too far in the r direction, due to

the large heat capacity of the material.
4 The effect of yielding material should be taken into

consideration to avoid the constant rise in temperature.
The material should yield in less than 10 s.
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Plastic/Elastic

Plastic / Elastic
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Elastic/Plastic
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Elastic/Plastic Equations

Elastic equations

∇ · σ = 0 (1)
σ = Cε (2)

ε =
1

2
(∇~u+∇~uT ) (3)

Heat Equation

ρc
DT

Dt
= ∇ · (k∇T ) + σ : ε (4)

Plastic equations

∇ · σ = ρ
D~v

Dt
∇ · ~v = 0 (5)

ε̇ =
Λ

σy
(σ − 1

3
Tr(σ)I) =

Λ

σy
σdev (6)

σ2y(T ) =
3

2
σdevij σdevij (7)
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Plastic I (rp ≤ r ≤ rb)

Force balance: ~v = 〈vr(r), vθ(r), 0〉

ρ

(
∂vr
∂t

+ vr
∂vr
∂r
−
v2θ
r

)
=

∂σrr
∂r

+
1

r
(σrr − σθθ) , (8)

ρ

(
∂vθ
∂t

+ vr
∂vθ
∂r

+
vrvθ
r

)
=

∂σrθ
∂r

+
2

r
σrθ, (9)

∂vr
∂r

+
vr
r

= 0. (10)

Constitutive relation:

σrr = p+
σy
Λ

∂vr
∂r

, σθθ = p+
σy
Λ

vr
r
, (11)

σrθ =
σy
2Λ

(
∂vθ
∂r
− vθ

r

)
, p =

1

3
(σrr + σθθ + σzz) , (12)

(σrr − p)2 + (σθθ − p)2 + (σzz − p)2 + 2σ2rθ =
2σ2y
3
. (13)

12 / 27



Elastic I (rb ≤ r ≤ L)

Force balance: ~u = 〈ur(r), uθ(r), 0〉

0 =
∂σrr
∂r

+
1

r
(σrr − σθθ) , (14)

0 =
∂σrθ
∂r

+
2

r
σrθ. (15)

Constitutive relation:

σrr = (λ+ 2µ)εrr + λεθθ, σrθ = 2µεrθ, (16)
σθθ = (λ+ 2µ)εθθ + λεrr, σzz = λ(εθθ + εrr), (17)

εrr =
∂ur
∂r

, εrθ =
1

2

(
∂uθ
∂r
− uθ

r

)
, (18)

εθθ =
ur
r
. (19)
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Boundary conditions

r = rp:

vθ = γωrp, (20)
σrθ = fσrr. (21)

r = L:

σrr = 0, (22)
σrθ = 0. (23)

r = rb:

vθ = 0, (24)
p = pb, (25)

[σrr] = 0, (26)
[σrθ] = 0. (27)
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Solution for the elastic deformation in steady state

σrr = σbrr
r2b
r2
, σθθ = −σbrr

r2b
r2
, σrθ = σbrθ

r2b
r2
, (28)

ur = −σbrr 1+νE
r2b
r , uθ = −σbrθ

1+ν
E

r2b
r (29)
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Solution for the plastic deformation in steady state

Incompressibility gives vr =
c1
r
, and from the flow relations

Λ =

(
3σ2yc

2
1

r4
(
σ2y − 3σ2rθ

)) 1
2

.

Shear force balance gives

σrθ =
ρc1vθ
r

+
c2
r2
,

and the remaining flow relation gives

∂vθ
∂r

=

(
1

r
+

2Λρc1
σyr

)
vθ +

2Λc2
σyr2

, vθ =

{
γωrp at rp

0 at rb,
(30)

with the force balance giving

∂σrr
∂r

=
2σyc1
Λr3

− ρc21
r3
−
ρv2θ
r
,

{
σrθ = fσrr at rp

p = pb at rb.
(31)
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Solution for the plastic deformation in steady state
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Solution for the plastic deformation in steady state
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Solution for the elastic/plastic deformation
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Lessons learned

If vr = 0 (stationary at pin) solution does not exist
If vr > 0 (unphysical) then vr is huge
Inconsistency of plastic flow with incompressible fluid
Perhaps a shear stress condition at rp is unwise
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Plastic II

Equations:

0 = dσrr
dr + 1

r (σrr − σθθ) , (32)

0 = dσrθ
dr + 2

rσrθ, (33)
1
4(σrr − σθθ)2 + σ2rθ = σ2y(T ) (34)

Boundary conditions:

σrr = P0, σrθ = fσrr, r = rp. (35)

Solutions:
σrθ(r) = fP0r

2
p/r

2, (36)

σrr(r) = −
∫ r
rp

2
s

√
σ2y − σ2rθ(s)ds+ P0, (37)

σθθ = σrr ± 2
√
σ2y − σ2rθ(r). (38)

Use yield criterion and two matching conditions
[σrr] = [σrθ] = 0 to determine rb and σbrr, σbrθ. Decouples flow
and stress. Temperature could be useful: σy = σy(r) 21 / 27



Stokes Flow + Heat Equation

Numerical simulation with finite element method using Stokes
model.

∇ · (2µε̇)−∇p = 0, (39)
∇ · v = 0, (40)

ρC
DT

Dt
−∇ · (k∇T )− Q̇ = 0 (41)

Q̇ = αdissipationσ
dev : ε̇ with σdev = 2µε̇ (42)

ε̇ =
1

2
(∇T (v) +∇(v)) (43)

Norton-Hoff law: µ = K(T )(2ε̇ : ε̇+ 3γ2)
m(T )−1

2 .
We assume K and m constant: K = 106 and m = 0.2 , γ = 10−3.
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Numerical simulation with finite element method
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Stress components seem unstable. Boundary layer?
Temperature is uncoupled.
Still need K = K(T ), m = m(T ).
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Numerical simulation for plastic deformation FV

We derive the following system with the unkowns (vr, vθ,Λ, p)

ρ
∂vr
∂t

+ (ρvr −
σy
Λr

)
∂vr
∂r
− ∂

∂r

(σy
Λ

∂vr
∂r

)
+

σy
Λr2

vr =
ρ

r
v2θ +

∂p

∂r
,

ρ
∂vθ
∂t

+ (ρvr −
σy
Λr

)
∂vθ
∂r

+
∂

∂r

( σy
2Λr

vθ −
σy
2Λ

∂vθ
∂r

)
+
(ρvr
r

+
σy

Λr3
)
vθ = 0,

Λ =

√
3

2

(
2
(vr
r

)2
+

1

2

(∂vθ
∂r
− vθ

r

)2)
,

and

− ∂

∂r

(
r
∂p

∂r

)
= − ∂

∂r

(
r
∂

∂r

( σy
Λr
vr
)

+
2σy
Λr

vr + ρrvr
∂vr
∂r
− ρv2θ

)
closed by the boundary conditions

vθ = γrpω, σrr = 105, at r = rp,

vθ = 0, vr = 0, at r = L. 24 / 27



Numerical simulation for plastic deformation FV

To be done later: pressure equation is unstable.
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Proposed consistent mechanism

Plasticize region with pressure σzz
Heating is secondary
uz or ∂uθ

∂z is important (may resolve incompressibility
problem)
Translation of pin within plastic region generates flow
Shear flow blending the material
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Thank you!
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