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A little bit of history...

ai1 vt Qi

A= —— rdet(A) = Z sign(o)a1,6(1) -+ * Un,o(n)

g€Sy
an,1 - Qn,n

1,1 Tl 91,1 0 O1n
X = [ . . . } , D= [ . . . }
Tn,1 Tn,n On,1 On,n
n
E;; = Z %; 40;,q act on polynomials in n? indeterminates x; ;

a=1

The Capelli identity: rdet[FE;; + (n — 4)d;,;] = det(X) det(D).

n
i,j=1
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A little bit of history...
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E;; = Z %; 40;,q act on polynomials in n? indeterminates x; ;

The Capelli identity: rdet[FE;; + (n — 4)d;,;] = det(X) det(D).

n
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@ g : Reductive Lie algebra.

«0O>» «F»r «Z» <
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@ g : Reductive Lie algebra.

@ V : irreducible finite dimensional g-module.
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@ g : Reductive Lie algebra.
@ V : irreducible finite dimensional g-module.

@ Assume that Z(V) is multiplicity-free.



@ g : Reductive Lie algebra.
@ V : irreducible finite dimensional g-module
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Background on Capelli operator_

@ g : Reductive Lie algebra.

@ V : irreducible finite dimensional g-module.

@ Assume that Z(V) is multiplicity-free.

V)= P Va v 2(V)=8(V)x P Vik
AEQ AEQ



Background on Capelli operators

@ g : Reductive Lie algebra.
@ V : irreducible finite dimensional g-module.
@ Assume that Z(V) is multiplicity-free.

V)= P Va v 2(V)=8(V)x P Vik
AEQ AEQ

Polynomial-coefficient differential operators

PP (V) is the “Weyl algebra” generated by the operators

0

foxifand f—
0T;

f 1<i<dimV
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Background on Capelli operators

@ g : Reductive Lie algebra.
@ V : irreducible finite dimensional g-module.
@ Assume that Z(V) is multiplicity-free.

V)= P Va v 2(V)=8(V)x P Vik
AEQ AEQ

Polynomial-coefficient differential operators

PP (V) is the “Weyl algebra” generated by the operators

0
0T;

frx;f and f — f 1<i<dimV

PP(V)9 . Algebra of g-invariant differential operators.

zeg,DePAV) wo (z-D)(f):=z-(D(f) - D(e- f).
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PIV) = PV)R V)

G—) V>\®Vu* ~ @Hom(Vu,VA)

A, e A, ues2

fle 1
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Spectrum of the Capelli basi_

29V~ (2(V)@2(V))"
2 (V>\®V*) ~ @HomC(V#,VA)
LeQ A, LeQ
C if A= p,
H V, =
omy (Vi V) {{0} if A # p.

nac
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Spectrum of the Capelli basis _

POV = (P(V)@D(V))°
~ @(VA@V*) ~ @Homg(VH,VA)

A, ue2 A, ped

C if A=p,
{0} if A # p.

Homg(VH,VA) = { D)\ —1le€ Homg(Vx,V)\)

nac
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Spectrum of the Capelli basis

29(V) = (2(V)@2(V))*

= P(Vae V)’ = PHomy(Ve,Va)
A LES2 A, LESQ

C if A=p,
{0} if X # p.

@ g:=gl,(C)Dgl,(C), V:= Mat,xn(C) ~ C" ® (C™)*.

Homg(V,, Vi) := { Dy < 1€ Homg(Vy, Vi)

2V)= @ Vi Vi FEQF,.
L(A)<n
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Spectrum of the Capelli basis

29(V) = (2(V)@2(V))*

= P(Vae V)’ = PHomy(Ve,Va)
A LES2 A, LESQ

C if A=p,
{0} if X # p.

@ g:=gl,(C)Dgl,(C), V:= Mat,xn(C) ~ C" ® (C™)*.

Homg(V,, Vi) := { Dy < 1€ Homg(Vy, Vi)

2V)= @ Vi Vi FEQF,.
L(A)<n

@ A=(1)=(1,0,...,0) ~ D, :Zlg,jgnxi,ja%w
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Spectrum of the Capelli basis

29(V) = (2(V)@2(V))*

= P(Vae V)’ = PHomy(Ve,Va)
A LES2 A, LESQ

C if A=p,
{0} if X # p.

@ g:=gl,(C)Dgl,(C), V:= Mat,xn(C) ~ C" ® (C™)*.

Homg(V,, Vi) := { Dy < 1€ Homg(Vy, Vi)

2V)= @ Vi Vi FEQF,.
L(A)<n

@ A=(1)=(1,0,...,0) ~ D, :Zlg,jgnxi,ja%w

@ \:= (ln) ES (1, ,1) s D(l") = det([a:w])det([ﬁ]) Capelli operator
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Spectrum of the Capelli basis

29(V) = (2(V)@2(V))*

= P(Vae V)’ = PHomy(Ve,Va)
A LES2 A, LESQ

C if A=p,
{0} if X # p.

@ g:=gl,(C)Dgl,(C), V:= Mat,xn(C) ~ C" ® (C™)*.

Homg(V,, Vi) := { Dy < 1€ Homg(Vy, Vi)

2V)= @ Vi Vi FEQF,.
L(A)<n

@ A=(1)=(1,0,...,0) ~ D, :Zlg,j@xi,ja%w

@ \:= (l'ﬂ) ES (1, ,1) s D(l") = det([a:w])det([ﬁ]) Capelli operator

V.

@ Dy : 2(V)— Z(V) is a g-module homomorphism (D is g-invariant).
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Spectrum of the Capelli basis

29(V) = (2(V)@2(V))*

= P(Vae V)’ = PHomy(Ve,Va)
A LES2 A, LESQ

C if A=p,
{0} if X # p.

@ g:=gl,(C)Dgl,(C), V:= Mat,xn(C) ~ C" ® (C™)*.

Homg(V,, Vi) := { Dy < 1€ Homg(Vy, Vi)

2V)= @ Vi Vi FEQF,.
L(A)<n

@ A=(1)=(1,0,...,0) ~ D, :Zlg,j@xi,ja%w

@ \:= (l'ﬂ) ES (1, ,1) s D(l") = det([a:w])det([ﬁ]) Capelli operator

V.

Dy : 2(V)— Z(V) is a g-module homomorphism (D) is g-invariant).
2(V) multiplicity-free = Dy, = dx(p) Iy, for all A, p.
m
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Spectrum of the Capelli basis

29(V) = (2(V)@2(V))*

= P(Vae V)’ = PHomy(Ve,Va)
A LES2 A, LESQ

C if A=p,
(0} if A+ p

@ g:=gl,(C)Dgl,(C), V:= Mat,xn(C) ~ C" ® (C™)*.

Homg(VM,VA) = { D/\ —1le€ Homg(VA, V,\)

2V)= @ Vi Vi FEQF,.
L(A)<n

@ A=(1)=(1,0,...,0) ~ D, :Zlg,j@xi,ja%w

@ \:= (l'ﬂ) ES (1, ,1) s D(l") = det([a:w])det([ﬁ]) Capelli operator

V.

Dy : 2(V)— Z(V) is a g-module homomorphism (D) is g-invariant).
2(V) multiplicity-free = Dy, = dx(p) Iy, for all A, p.
m

Problem (Kostant, Sahi, Wallach,...): Compute a formula for dy (). )
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Interpolation Jack polynomia_

@ P{(x1,...,2n) : symmetric polynomial of degree < [A| := A1 + -+ + Ap.
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Interpolation Jack polynomials _

@ P{(x1,...,2n) : symmetric polynomial of degree < [A| := A1 + -+ + Ap.
@ A= (A1, 2., 0), As = Xig1, Ay € 270,
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Interpolation Jack polynomials _

@ P{(x1,...,2n) : symmetric polynomial of degree < [A| := A1 + -+ + Ap.
@ A= (A1, 2., 0), As = Xig1, Ay € 270,
@ p=(p1,...,pn) EC™.
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Interpolation Jack polynomials

@ P{(x1,...,2n) : symmetric polynomial of degree < [A| := A1 + -+ + Ap.
@ A= (A1, 2., ), i = Aig1, M € 729,
@ p=(p1,...,pn) €C.

0 |u| <A and p# A,
@ P? =

ok = H X (b) where ¢§ (0) := (\i —j + 14 p; — p)\;_)

SEX
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Interpolation Jack polynomials

P{(z1,...,2n) : symmetric polynomial of degree < |A] := A1 + - + An.
A= ()\1,)\2 .. .,)\n), i = XNit1, A € Z>9,
p= (pla"'zpn) eCnm.

0
Pf(u+p)={ .
)

lul < |A] and o # A,
w=A

o = H X (b) where ¢§ (0) := (\i —j + 14 p; — pA;_)

SEX
o

Let F e {R, C, H}.

v
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Interpolation Jack polynomials

P{(x1,...,2n) : symmetric polynomial of degree < [A| := A1 + -+ 4 M.
A= ()\1,)\2 .. .,)\n), i = XNit1, A € Z>9,
p= (pla"'zpn) eCnm.

0
Pf(u+p)={ .
)

lul < |A] and p # A,
w=A

o = H X (b) where ¢§ (0) := (\i —j + 14 p; — pA;_)

SEX
o

Let F € {R,C,H}. Set

g:=gr®rC, gr:=gl(n,F) and V := Vg ®r C, Vg := Herm(F").

v
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Interpolation Jack polynomials

P{(x1,...,2n) : symmetric polynomial of degree < [A| := A1 + -+ 4 M.
A= ()\1,)\2 .. .,)\n), i = XNit1, A € Z>9,
p= (pla"'zpn) eCnm.

0
Pf(u+p)={ .
)

lul < |A] and p # A,
w=A

o = H X (b) where ¢§ (0) := (\i —j + 14 p; — pA;_)

SEX
o

Let F € {R,C,H}. Set

g:=gr®rC, gr:=gl(n,F) and V := Vg ®r C, Vg := Herm(F").

(@(V)g @ V.
L(A)<n

v
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Interpolation Jack polynomials

P{(x1,...,2n) : symmetric polynomial of degree < [A| := A1 + -+ 4 M.
A= ()\1,)\2 .. .,)\n), i = XNit1, A € Z>9,
p= (pla"'zpn) eCnm.

0
Pf(u+p)={ .
)

lul < |A] and p # A,
w=A

o = H X (b) where ¢§ (0) := (\i —j + 14 p; — pA;_)

SEX
o

Let F € {R,C,H}. Set

g:=gr®rC, gr:=gl(n,F) and V := Vg ®r C, Vg := Herm(F").
(@(V) = @ V.

L(A)<n
Recall that D’\|Vu =dx(w)ly,.
@ dy(u) = P{(u+ p), where:
p= g(n —1,n—2,...,1,0) , d = short root multiplicity of (ggr, ¢r)-

<
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Passage to quantum: the Hopf algebra U,(gl,,)

k := C(q).

The quantized enveloping algebra Uy (gl,,)

Q:=Zey + -+ Zen, (weight lattice of gl,).
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Passage to quantum: the Hopf algebra U,(gl,,)

k := C(q).

The quantized enveloping algebra Uy (gl,,)

Q:=Zey + -+ Zen, (weight lattice of gl,).

n n
A= ;Mai, n= Zl/.biai = (A 1=2>\im.
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Passage to quantum: the Hopf algebra U,(gl,,)

k := C(q).

The quantized enveloping algebra Uy (gl,,)

Q:=Zey + -+ Zen, (weight lattice of gl,).
n n
A= Z Ai€iy W= 2 wigi = (A p) = ZM}%
i=1 i=1

® := {g; —€j}1<i#j<n : root system of type An , o; :=¢e; —gi41.
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Passage to quantum: the Hopf algebra U,(gl,,)

k := C(q).

The quantized enveloping algebra Ug(gl,,)

Q:=Zey + -+ Zen, (weight lattice of gl,).
n n
A= Z Ai€iy W= 2 wig; = (A p) = ZMM\
i=1 i=1
® := {g; —€j}1<i#j<n : root system of type An , o; :=¢e; —gi41.

Uq(gl,,) : k-algebra generated by (E;, F;, Kx : 1 <i<n—1,\€Q) modulo:
0 K\K, = K/\+“.
@ K\E; = ¢(MIEK, , KxF; = ¢~ M) FK,.

K;—K; '
0 g—g=T

[Ei, Fj] =6 , Ki = Ka,.
@ E?Eit1 — (q+q YEiEi+1E; + Ei1E? = 0.

F1'2Fi4_f1 — (¢ + q_l)FiFiilFi + FiilFiz =0.
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Passage to quantum: the Hopf algebra U,(gl,,)

k := C(q).

The quantized enveloping algebra Ug(gl,,)

Q:=Zey + -+ Zen, (weight lattice of gl,).
n n
A= Z Xigi, = 2 g = (A p) = ZMM\
i=1 i=1
® := {g; —€j}1<i#j<n : root system of type An , o; :=¢e; —gi41.

Uq(gl,,) : k-algebra generated by (E;, F;, Kx : 1 <i<n—1,\€Q) modulo:
0 K\K, = K/\+“.
@ K\E; = ¢(MIEK, , KxF; = ¢~ M) FK,.

K;—K; '
0 g—g=T

[Ei,Fj] =0 , Ki = Kq,.
o E?Eiil — (q aF q_l)EiEiilEi aF EiJ_rlEiQ = 0.

F1'2Fi4_f1 — (¢ + q_l)FiFiilFi + FiilFiz =0.

Uq(gl,,) is a Hopf algebra

@ A(E) =E;®1+K,QE; , A(F;) =F;®@K; ' +1QF; , A(Ky) i= Kx ® Ky.

@ S(B;) = —K; 'E;, S(F;) = —F;K;, S(K;) = K; ', e(Ky)) =1, (E;) = 0, e(F;) = 0.
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@ g: reductive Lie algebra , 6: involution of g w~ £:=g?.

nac
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@ g: reductive Lie algebra , 6: involution of g w~ £:=g?.
@ By(b): deformation of U(g?) that fits in U, (g) as a right coideal subalgebra.

nac
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Quantum symmetric spaces

@ g: reductive Lie algebra , 6: involution of g v~  £:= gf.
@ By(b): deformation of U(g?) that fits in U, (g) as a right coideal subalgebra.

Generators of By (b)

@ Assume g := gr ®g C for gr := gl,,(F), where F € {R,C, H}.

@ Set t:= tg ®r C where g is the maximal compact of gg.

F g 4 N
R gl, On n
Cc gl,®gl, al,, 2n
H 9[271 5p2n 2n

v
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Quantum symmetric spaces

@ g: reductive Lie algebra , 6: involution of g v~  £:= gf.
@ By(b): deformation of U(g?) that fits in U, (g) as a right coideal subalgebra.

Generators of By (b)

@ Assume g := gr ®g C for gr := gl,,(F), where F € {R,C, H}.

@ Set t:= tg ®r C where g is the maximal compact of gg.

F g 4 N
R gl, On n
Cc gl,®gl, al,, 2n
H 9[271 5p2n 2n

Set e; := Eiiv1 , g o= Eit1: hg‘j = Ej,j (basis of g[N)

v
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Quantum symmetric spaces

@ g: reductive Lie algebra , 6: involution of g v~  £:= gf.
@ By(b): deformation of U(g?) that fits in U, (g) as a right coideal subalgebra.

Generators of By (b)

@ Assume g := gr ®g C for gr := gl,,(F), where F € {R,C, H}.

@ Set t:= tg ®r C where g is the maximal compact of gg.

F g t N
R gl, On n
Cc gl,®gl, al,, 2n

H 9[271 SPan 2n

Set e; := Eiiv1 , g o= Eit1: hg‘j = Ej,j (basis of g[N)
@ F=R: 9(61) = —fi, H(fz) = —e;, G(hsj) = _hgj-
By is generated by F; — biEinl.

v
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Quantum symmetric spaces

@ g: reductive Lie algebra , 6: involution of g v~  £:= gf.
@ By(b): deformation of U(g?) that fits in U, (g) as a right coideal subalgebra.

Generators of By (b)

@ Assume g := gr ®g C for gr := gl,,(F), where F € {R,C, H}.

@ Set t:= tg ®r C where g is the maximal compact of gg.

F g 3 N
R g[n On n
Cc gl,®gl, al,, 2n

H 9[271 SPan 2n

Set e; := Eiiv1 , g o= Eit1: hg‘j = E]"j (basis of g[N)
® F=R: 0(e:) = —fi, 0(fi) = —ei, O(he;) = —he;.

By is generated by F; — biEinl.
O F=C: 0(es) = —furtis Oenti) = —fi Olhe;) = —he, ;-

By (b) generated by F; — b;Ep iK', Fnys — biEK, |, (Ko Ke, )%t

v
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Quantum symmetric spaces

@ g: reductive Lie algebra , 6: involution of g v~  £:= gf.
@ By(b): deformation of U(g?) that fits in U, (g) as a right coideal subalgebra.

Generators of By (b)

@ Assume g := gr ®g C for gr := gl,,(F), where F € {R,C, H}.

@ Set t:= tg ®r C where g is the maximal compact of gg.

F g t N
R gl, On n
C gl,®gl, gl, 2n
H 9[271 5p2n 2n

Set e; := Eiit1 , fi:=Fit1: , he; :=Ej; (basis of gly)
@ F=R: 0(e;) = —fi, 0(fi) = —es, O(he;) = —he
By is generated by F; — biEinl.
@ F=C: 0(ei) = —fnti, O(enti) = —fi, O(he;) = —he, ;-
By (b) generated by F; — b;Ep iK', Fnys — biEK, |, (Ko Ke, )%t

IR

@ F =H: 6(e;) = ey, O(fi) = fi, 0(he;) = he, for i odd,
0(fi) = —[ei—1,[€i+1,€i]], O(hey;) = hey,;_, for i even.
By generated by B, Fi, KX (i odd), F; — bi[Ei—1,[Bit1,Eilqle K" (i even).
”
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Quantized coordinate ring of Matyx n

The FRT bialgebra

@ R= ZR?J.ZEM ® E; ; € Endy (kN @kV).
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Quantized coordinate ring of Matyx n

The FRT bialgebra

® R=Y RNE;® E; € Endg (k" @Kk™).
o A(R) g= <tij, 1<i,7<N : RI'T» = T2T1R>

T:=[ti] , i =T®I , To=IQT
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Quantized coordinate ring of Matyx n

The FRT bialgebra

® R=Y RNE;® E; € Endg (k" @Kk™).
o A(R) g= <tij, 1<i,7<N : RI'T» = T2T1R>

T:=[ti] , i =T®I , To=IQT

The algebra Zn«n

@ Set Pnxn := A(R) for the R-matrix given by:
Rii=q R} =1fori#j Rl=(q—q ") fori<j.
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Quantized coordinate ring of Matyx n

The FRT bialgebra

® R=Y RNE;® E; € Endg (k" @Kk™).
o A(R) g= <tij, 1<i,7<N : RI'T» = T2T1R>

T:=[ti] , i =T®I , To=IQT

The algebra Zn«n

@ Set Pnxn := A(R) for the R-matrix given by:
Rii=q R} =1fori#j Rl=(q—q ") fori<j.
@ A(R) is the algebra generated by ¢;; for 1 < 4,7 < N modulo the
relations:
tijtic = Qlikti; » Ltk = Qtritss (< k)
tutkj = it , tijte — toti; = (@ — ¢ Dtatr; (0 < k,j <1)
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The bimodule algebras &y« N a_

o '@NXN — Uq (g[N)° (matrix coefficients of the “standard module”)

nac
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The bimodule algebras &y .y and

@ PNuN — Uq (g[N)° (matrix coefficients of the “standard module”)

@ ZNxn is a bialgebra:
Altig) = D tik ®tk,j.
k

nac
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The bimodule algebras Zy«y and Py« n

@ PNuN — Uq (g[N)O (matrix coefficients of the “standard module”)

@ PNy« N is a bialgebra:
Altiz) = Dtk ®@tr,j.
3

@ Uy(gly) acts on PN« n by left and right translation:
T U= Z(ul,x>uz , Tpu= Zm(ug,xh},
where z — ! is the Hopf isomorphism Uy (gly) — Uq(glx)°P given by
El:= ¢ 'FK;, F! == qK; 'E; , K}, = K.,,

and A(u) = Y, u1 ® uz (Sweedler notation).
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The bimodule algebras Zy«y and Py« n

@ PNuN — Uq (g[N)O (matrix coefficients of the “standard module”)

@ PNy« N is a bialgebra:
Altiz) = Dtk ®@tr,j.
k

@ Uy(gly) acts on PN« n by left and right translation:
T U= Z(ul,x>uz , Tpu= Zm(ug,xh},
where z — ! is the Hopf isomorphism Uy (gly) — Uq(glx)°P given by
El:= ¢ 'FK;, F! == qK; 'E; , K}, = K.,,

and A(u) = Y, u1 ® uz (Sweedler notation).

@ Analogous properties hold by Znxn = (ZNxN)P.
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The bimodule algebras Zy«ny and Zyxn

@ PNuN — Uq (g[N)O (matrix coefficients of the “standard module”)

@ PNy« N is a bialgebra:
A(ti ) = Zti,k @tk j-
k

@ Uy(gly) acts on P« n by left and right translation:
Top U= Z(ul,z>u2 , ZTopU= Zu1<u2,zh>,
where z +— z is the Hopf isomorphism Ug(gly) — Uq (gl )°P given by
El:= ¢ 'FK;, F! == qK; 'E; , K}, = K.,,

and A(u) = Y, u1 ® uz (Sweedler notation).
@ Analogous properties hold by Znxn = (ZNxN)P.

Formulas for left translation of Uy(gly) on PNy N and Inx N

Iy .
Ey -tij = 6ki—1ti—1,5 , Fr-tij=0kitivik , Kep - tij=qFit;;

By -0ij=—q 0415 , Fr-0ij=—a0i—110i—1; , Keyp -tij=q °%id;;

v
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Recall that £ = g°. Set

P PNxN F #C,
‘@nxn ® ynxn

9. DNxN F # C,
F=Co ’ ' 9")(71@@77-)("

F=C.

Quantum homogeneous coordinate ring_

DA
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Quantum homogeneous coordinate rings

Recall that ¢ = g?. Set
P {.@Nxzv F#C, 9 {@NxN F + C,

e@nxn(@rgznxn F=C. ’ - @nxn®@nxn F=C.

° (UQ(g)vBe) e RgJ1R31J2 :JQREIJle.
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Quantum homogeneous coordinate rings

Recall that ¢ = g?. Set
P {.@Nxzv F#C, 9 {@NxN F + C,

ynxn@rgnxn F=C. ’ - 9nxn®@n><n F=C.

° (UQ(g)ng) e RgJIR?JQ = JQREI Jle.
® Ry = Z(Rg)ffElm ® Ei;  (closely related to R).
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Quantum homogeneous coordinate rings

Recall that ¢ = g?. Set
P {.@Nxzv F#C, 9 {@NxN F + C,

ynxn@rgnxn F=C. ’ - @nxn®@nxn F=C.

° (UQ(g)vBQ) e RgJIR?JQ = JZREI Jle.
® Ry = Z(Rg)gEk,i ® Ei;  (closely related to R).
° (Rgl)f} = (Rg)zljv Jii=JQI, J:=1QJ.
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Quantum homogeneous coordinate rings

Recall that ¢ = g?. Set
P = PNxN F+#C, _ DNxN F # C,
. ynxn@rgznxn F=C. ’ @nxn®@nxn F=C.

° (UQ(9)769) e R9J1R31J2 = J2R31J1Rg.

@ Ry =Y(Ry)HEk:®E; (closely related to R).
o (R = (R, i i=JQ®I, J:=1®J.
ZZ:I Ekak
@ J =920k 1(Brn+k + Entrk)
Sy (Fak—1,2k — Eok 2k—1)

[
g a =@

0(x) ;= —JxtJ "

F
F
F
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Quantum homogeneous coordinate rings

Recall that ¢ = g?. Set

PNxN F # C, DNxN F+#C,
P = , 9=

ynxn@rgznxn F=_C. -@nxn®9n><n F=C.

(Uq(9), Bo) v~ Ry JiRE Jo = J2 R J1 Ry.

Ry = Z(RQ)ZZE;“ ® Ei;  (closely related to R).

(R)5 = (Re)ij, i i=J®I, J2:=1Q®J.
S B F-R

J =330 (Brntk + Ensik) F=C 0(x) ;= —JxtJ "
S (Fok—1,2k — Bogor—1) F=H

Set x5 1= 3 < s<n Iristirtjs for 1 <, < N.

Set d; ; := ZKMgN q*2§JT,Sai,Taj,s where § = s when F # C,

N s s
§:=
s—mn s

and otherwise:

n
n

Vv /A

4k 1L
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Quantum homogeneous coordinate rings

Proposition

The z; ; and the d; ; are right Bg(b)-invariant if and only if
@ F=R:bp;=1foralll <7< n.
@ F=C:b=qforalll <i<n.

@ F=H: by; = ¢ forall 1l <i<n.
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Quantum homogeneous coordinate rings

Proposition

The z; ; and the d; ; are right Bg(b)-invariant if and only if
@ F=R:bp;=1foralll <7< n.
@ F=C:b=qforalll <i<n.

@ F=H: by; = ¢ forall 1l <i<n.

Py: The subalgebra of & that is generated by the x;,;.
Pp: The subalgebra of 2 that is generated by the d; ;.
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Quantum homogeneous coordinate rings

The z; ; and the d; ; are right Bg(b)-invariant if and only if
@ F=R:bp;=1foralll <7< n.
@ F=C:b=qforalll <i<n.

o F=H: b2i=q3fora111$i<n.

Py: The subalgebra of & that is generated by the x;,;.
Pp: The subalgebra of 2 that is generated by the d; ;.

\

Theorem (LSS)
Py is the algebra generated by the z; ; modulo the following relations:
® RyX1R(' Xz = XaRg'! X1Ry where X1 =XQ®1I, X2 =1®X.

@ z;; = yx;,; for i < j and z.p = 0 for (a,b) € S where

q F
y:i=11 F
_q—l F

R z F=R
€, §={{G)1<ij<nto{(i)n+1<ij<2n} F=C
H {(i,4),i =1,...,2n} F=H
v
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Quantum homogeneous coordinate rings

The z; ; and the d; ; are right Bg(b)-invariant if and only if
@ F=R:bp;=1foralll <7< n.
@ F=C:b=qforalll <i<n.

o F=H: b2i=q3fora111$i<n.

Py: The subalgebra of & that is generated by the x;,;.
Pp: The subalgebra of 2 that is generated by the d; ;.

\

Theorem (LSS)

Py is the algebra generated by the 0; ; modulo the following relations:
® RyD:R{'Dy = DiR{'! DRy where D1 =D®1, Dy =1®D.
@ 0;; =05, for ¢ < jand dap = 0 for (a,b) € S where

¢! F=R I2] F=R
yi=41 F=C , S$={{(i,j),1<i,5<n}u{(i,j),n+1<i,j<2n} F=C
{(i,1),i=1,...,2n} F=H

v
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Towards the quantum Weyl algebra

Twisted tensor product

Let A and B be associative algebras and let 7: B® A — A ® B satisfy
0 7(l1®a)=a®land 7(b®1) =1R®Yb.
@ 70(lp®ma)=(Ma®1B)(laRT)(T® 14).
@ Tomp®1la=(1a®mpB)(T®1)(1p®T).

63 /111



Towards the quantum Weyl algebra

Twisted tensor product

Let A and B be associative algebras and let 7: B® A — A ® B satisfy
0 7(l1®a)=a®land 7(b®1) =1R®Yb.
@ 70(lp®ma)=(Ma®1B)(laRT)(T® 14).
@ Tomp®1la=(1a®mpB)(T®1)(1p®T).

Then A® B is an associative algebra when equipped with

mags = (ma®mp)o (la®7T®1p).
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Towards the quantum Weyl algebra

Twisted tensor product

Let A and B be associative algebras and let 7: B® A — A ® B satisfy
0 7(l1®a)=a®land 7(b®1) =1R®Yb.
@ 70(lp®ma)=(Ma®1B)(laRT)(T® 14).
@ Tomp®1la=(1a®mpB)(T®1)(1p®T).

Then A® B is an associative algebra when equipped with

mags := (Ma®mp)o (la®TR 1B).

”
Pairing

A pairing between bialgebras A and B is a bilinear map from A x B to
scalars such that

@ (a,1) =¢€(a), {1,b) = €(b).
0 (Aa),b®0b") = (a,bb"y , {a®a’, A(b)) = {aa’,b).
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Towards the quantum Weyl algebra

Let A and B be bialgebras. Suppose that

@ u(,,-)is a pairing between A°® and B.
@ v{:,-) is a pairing between A and B°P.
Then the map 7(b® a) := >, as ® bav{ai, b1 yulas, bs) is a twisting map.
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Towards the quantum Weyl algebra

Lemma

Let A and B be bialgebras. Suppose that
@ u(,,-)is a pairing between A°® and B.
@ v{:,-) is a pairing between A and B°P.
Then the map 7(b® a) := >, as ® bav{ai, b1 yulas, bs) is a twisting map.

Two pairs of pairings

Recall the R-matrix defined by R = g, sz =1 for i # 7, R{; =(qg—q"
for ¢ < j.
@ Set Ry := R™ an R; := (Ry;')™.

@ For o € {0,1} we have pairings u,{-, ) between Znxn and LPnxn,
and v (-, ) between Py n and Iy« N, defined by

U, (855, th i) = Voltig, Oka) = (Ro)it.
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Towards the quantum Weyl algebra

Lemma

Let A and B be bialgebras. Suppose that
@ u(,,-)is a pairing between A°® and B.
@ v{-,-) is a pairing between A and B°P.
Then the map 7(b® a) := >, as ® bav{ai, b1 yulas, bs) is a twisting map.

Two pairs of pairings

Recall the R-matrix defined by R = g, RE =1 for i # j, R{} =(g—q")
for ¢ < j.
@ Set Rp:= R™ an R; := (R;)™.

@ For o € {0,1} we have pairings u,{-, ) between Znxn and LPnxn,
and v (-, ) between Py n and Iy« N, defined by

U, (855, th i) = Voltig, Oka) = (Ro)it.

| A\

Proposition

Let 7 := 7, for ,0' € {0,1}. The twisted tensor product
Ay ot = PnxN ®r Dnxn is a Ug(gly )-bimodule algebra.

68 )

111



Towards the quantum Weyl algebra

We have Ap,o = Ai,1 and Ao,1 = Ao via the maps t;; < tNy1-iN+1—;
and 0;,; <> ON+1—i,N+1—j-
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Towards the quantum Weyl algebra

We have Ap,o = Ai,1 and Ao,1 = Ao via the maps t;; < tNy1-iN+1—;
and 0;,; <> ON+1—i,N+1—j-

° algebra generated by two copies of &, no relations (¢;; and t; ;).

@ : algebra generated by two copies of Z, no relations (6; ; and i)
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Towards the quantum Weyl algebra

We have Ap,o = Ai,1 and Ao,1 = Ao via the maps t;; < tNy1-iN+1—;
and 0;,; <> ON+1—i,N+1—j-

° algebra generated by two copies of &, no relations (¢;; and t; ;).

@ : algebra generated by two copies of Z, no relations (6; ; and i)

Extended Weyl algebras

For a, 8,v,0 € {0,1} we set
® To,8,u,0(0ca ®tsp) 1= Ta,3(0c,a @tsp)
("] Ta,B,v,o'(a;,,a ® tf,b) = Tv,o (a:z,a ® tf,b)-
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Towards the quantum Weyl algebra

We have Ap,o = Ai,1 and Ao,1 = Ao via the maps t;; < tNy1-iN+1—;
and 0;,; <> ON+1—i,N+1—j-

° algebra generated by two copies of &, no relations (¢;; and t; ;).

@ : algebra generated by two copies of Z, no relations (6; ; and i)

Extended Weyl algebras

For a, 8,v,0 € {0,1} we set
@ ToB,v,0(0c,a ®tsp) = Ta,8(0c,a Dtsp)
® T 8,0(0ea®tss) =Tuo(0eq tss).
This yields the twisted tensor product

Aa,ﬂ,v,a = 92@7’ &
where 7 := T 8,0,0. Similarly, we can define a twisted tensor product
A;,B,v,o’ = 9@7” &

where 7' =7, 5, , (defined analogously).

LW

111



Towards the quantum Weyl algebra

Proposition

Set d ; :=>1q"**Jp,50i,r0; 5. Also set Sy = Ry if v =0 and Sy = (Rg)5" if
v =1.If B+ o = 1, then the subalgebra of A.,g,.,, generated by 92 and
9y satisfies the relations

davTer = Y, (S2)aq (S2)oh(S2)F (S2)eh Tpudry

T,W,D,q,T, Y,

for all a, b, e, f.
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Towards the quantum Weyl algebra

Proposition

Set d ; :=>1q"**Jp,50i,r0; 5. Also set Sy = Ry if v =0 and Sy = (Rg)5" if
v =1.If B+ o = 1, then the subalgebra of A.,g,.,, generated by 92 and
9y satisfies the relations

davTer = Y, (S2)aq (S2)oh(S2)F (S2)eh Tpudry

T,W,D,q,T, Y,

for all a, b, e, f.

| A\

Theorem (LSS)

The relation

@) = Y] () (SR (S (S ) @ © )

™W,p,q,T,Y,m,l

uniquely defines a twisting on Zp ® P. The twisted tensor product
Al 1= Py ®_y Do naturally embeds in Aq g0, for 8+ o = 1.

\
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PBW deformation of A,

0 A=T{Y)KI), B=T(Z)/{J) Koszul algebras, I < Y®? Jc 7Z®2

o T(1,1) - ZQY - YR®RZ
@ Timmy : 22" QYO YO g ZO™
@ The induced 7: T(Z)®T(Y) - T(Y) ® T(Z) is a twisting map.

75 /111



PBW deformation of A,

A=T(Y)KI), B=T(Z)/{J) Koszul algebras, I < Y®? Jc 7%2.
Ty ZQY =Y ®Z

Timmty : Z2M QYO YO g 7O

The induced 7: T(Z)®T(Y) > T(Y) ® T(Z) is a twisting map.

Proposition (Walton—Witherspoon, 2018)

Assume that 7 descends to a twisting map B® A - A® B. Then:
@ F:= A®;, B is Koszul.
@ ExT(Z®Y)/KI + J+ K) where

K={w—7w) : weZQY}<CZRY+YR®Z.
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PBW deformation of A,

A=T(Y)KI), B=T(Z)/{J) Koszul algebras, I < Y®? Jc 7%2.
Ty ZQY =Y ®Z

Timmty : Z2M QYO YO g 7O

The induced 7: T(Z)®T(Y) > T(Y) ® T(Z) is a twisting map.

Proposition (Walton—Witherspoon, 2018)

Assume that 7 descends to a twisting map B® A - A® B. Then:
@ F:= A®;, B is Koszul.
@ ExT(Z®Y)/I + J + K) where

K={w—7w) : weZQY}<CZRY+YR®Z.

Theorem (Walton—Witherspoon, 2018)

Let pe (I+J+ K)* andset B, :=T(Z@®Y )/ r—pu(r) : rel+J+ K).

Then E, is a PBW deformation of E if and only if t® 1 = 1 ® p on
I+J+K)®(Z+Y)n(Z+Y)® [ +J+ K).

v
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PBW deformation of A,

The quantum Weyl algebra #%2 n« n (Shklyarov, Sinelshchikov, Vaksman, 1999)

@ Y: linear span of the ¢; ;, i.e., A~ Pnxn.
@ Z: linear span of the 0; ;, i.e., B~ ZnxnN.
@ p=00nYQRY+ZQZ+Y®Z, u(di; @tri) = 6ikbj,s

Q@ T:i=Tyw.
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PBW deformation of A,

The quantum Weyl algebra #%2 n« n (Shklyarov, Sinelshchikov, Vaksman, 1999)

@ Y: linear span of the ¢; ;, i.e., A~ Pnxn.
@ Z: linear span of the 0; ;, i.e., B~ ZnxnN.
@ p=00nYQRY+ZQZ+Y®Z, u(di; @tri) = 6ikbj,s

Q@ T:i=Tyw.

The resulting algebra is %« N generated by the t; ; and the 0; ;.
The “relations in K” are generated by:

(i) Ocbtda = tdaOcp ifb# a and c # d.
(ii) Ocbteca = qtcalch + Zc’>c(q = q_l)tc/aé’c/b if b # a.
(i) Ocatda = qtdaOca + Ygrog(@ — @ DtgarOcar  if ¢ # d.

iv) Ocatea = 1 + qJC'vC+6a”a q—q ! 2=0st c=%aliat , 0, .
c’,a’Vc a

czc a’za
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PBW deformation of .Af,’v

Theorem (LSS)

Let v € {0,1}. Then the following hold:

@ There exists an essentially unique left Uy (g) and right By invariant
form on Yy x Py such that

(dij, ey = q ¥4 685,

under the constraints

i<jand k <1 F=R
i<mand j=2n+1 F=C
i<jandj <l F = H.
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PBW deformation of Ag’v

Theorem (LSS)

Let v € {0,1}. Then the following hold:

@ There exists an essentially unique left Uy (g) and right By invariant
form on Yy x Py such that

(dij, ey = q ¥4 685,

under the constraints

i<jand k <1 F=R
i<nandj=n+1 F=C
i<jandj <l F = H.

@ For Y :=span{w; ;}, Z := span{d, ;}, p € (Z ® Y)* defined using (-, )
and 7 := 7'371, we obtain a PBW deformation %y := E,, of Py ®+ Ze
with a Uq,(g)-equivariant action

PPy Q@ Py — Py.
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Capelli operators: q—variatio_

® Zo = Dyinyen V2 Do = Dyiry<n Va3 Uq(g)-modules.
@ Dye (Vi ®V)\*)U"(g) c PDy.

DA
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Capelli operators: g-variation

® Zo = Dyinyen V2 Do = Dyiry<n Va3 Uq(g)-modules.
@ D, e (VA ® VA*)U‘I(Q) C PD,.

Interpolation Macdonald polynomials (Sahi, 1996)

Let A be a partition satisfying ¢(\) < n. Then Rx € Q(q,t)[x1,...,Xs] is the
unique polynomial satisfying the following:

@ deg(Rx) = |\

@ R is symmetric in the z;. Furthermore Rx = mx + 3, _; ex um.
® Ri(q7#7,q,t) = 0, where 7 = (71,...,7y) with 7; := t7",
for p such that |u| < |A| and p # A.
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Capelli operators: g-variation

® Zo = Dyinyen V2 Do = Dyiry<n Va3 Uq(g)-modules.
@ D, e (VA ® VA*)U‘I(Q) C PD,.

Interpolation Macdonald polynomials (Sahi, 1996)

Let A be a partition satisfying ¢(\) < n. Then Rx € Q(q,t)[x1,...,Xs] is the
unique polynomial satisfying the following:

@ deg(Rx) = |Al.
@ R, is symmetric in the x;. Furthermore Ry = mx + Z/,LS)\ N
® Ri(q7#7,q,t) = 0, where 7 = (71,...,7y) with 7; := t7",

for p such that |p| < |A] and p # A

@ Theorem. The top degree homogeneous component of Ry is the
(usual) Macdonald polynomial Py.
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Capelli operators: g-variation

@ Py =Dynyen Vr Do = Dyny<n V¥ as Uy(g)-modules.
@ D, e (VA ® VA*)U‘I(Q) C PD,.

Interpolation Macdonald polynomials (Sahi, 1996)

Let A be a partition satisfying ¢(\) < n. Then Rx € Q(q,t)[x1,...,Xs] is the
unique polynomial satisfying the following:

@ deg(Ry) = |A|.
@ R, is symmetric in the x;. Furthermore Ry = m, + Zusx Ca,uMy.

® Ri(q7#7,q,t) = 0, where 7 = (71,...,7y) with 7; := t7",
for p such that |u| < |A| and p # A.

@ Theorem. The top degree homogeneous component of Ry is the
(usual) Macdonald polynomial Py.

4

Theorem (LSS)

The eigenvalue of Dy € %4 on the irreducible component F, of %y is
equal to Rx(q7#7,q,9%%) where d := dimF.

v
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Capelli operators: g-variation

The locally finite part of Uq(gly), & la Joseph et Letzter (1994)

@ F(gly) :={z e Uy(gly) : dimy,(gy)(z) < 00}
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Capelli operators: g-variation

The locally finite part of Uq(gly), & la Joseph et Letzter (1994)

° F(gly) :={z € Uy(gly) : dimy,(giy)(x) < 0}
® F(gly) = Dicqy adu,(siy) (K2x) where

QN = {ZAI&I 5 Ki-%—l —Ez—e {072,4,...}}.

Furthermore, each summand ady, s,y )(K2x) contains a unique (up to
scalar) zx € Z(Uq(gly)).
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Capelli operators: g-variation

The locally finite part of Uq(gly), & la Joseph et Letzter (1994)

@ F(gly) :={z e Uy(gly) : dimy,(gy)(z) < 00}
o F(gly) = (—BAGQN aqu(s[N)(KQ)\) where

QN = {Z)\lé‘l 8 Ki-%—l —éie {0,2,4,...}}.

Furthermore, each summand ady, s,y )(K2x) contains a unique (up to
scalar) zx € Z(Uq(gly)).

Proposition (LSS)

There exists a subalgebra F'(gly) S F(gly) together with an injection
F'(gly) — PP nxn resulting in a commutative diagram

F'(gly) ® PnxN ——————— PDNxN @ PNxN

\ l

PNxN

V.
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The First Fundamental Theorem o_

@ G:=GL,(C) , V:=Cn

El

G naturally acts on V (hence on V*).

DA
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The First Fundamental Theorem of I_

@ G:=GL,(C) , V:=C" , G naturally acts on V (hence on V*).
0 &= VO @ (V)@

DA
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The First Fundamental Theorem of Invariant Theory

@ G:=GL,(C) , V:=C" , G naturally acts on V (hence on V*).
(] gk:,l = YOk D (V*)@l.
@ G acts on the polynomial algebra P (gk,l)3

g-¢x):=¢(g - -z) forgeG, ze Eppjio
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The First Fundamental Theorem of Invariant Theory

@ G:=GL,(C) , V:=C" , G naturally acts on V (hence on V*).
(] gk:,l = YOk D (V*)@l_
@ G acts on the polynomial algebra P (5k,l)3

g-o(z) = ¢>(g_1 -x) forge G, x €&y

@ Classical Problem: Find concrete generators and relations for P(é’k’l)c.
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The First Fundamental Theorem of Invariant Theory

G:=GL,(C) , V:=C" , G naturally acts on V (hence on V*).
Epy = VO @ (V)L
G acts on the polynomial algebra P (5k,l)3

g-dx):=¢(g"'-z) forgeG, ze&y.

Classical Problem: Find concrete generators and relations for P(Sk’l)c.
l.

Define ¢; j(v1,...,vg,vf, ..., vf) = <v;?‘,vi> forl<i<kand1<j<

In coordinates: ¢; ; = > U;F,,.'Ui,%
5
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The First Fundamental Theorem of Invariant Theory

G:=GL,(C) , V:=C" , G naturally acts on V (hence on V*).
Epy = VO @ (V)L
G acts on the polynomial algebra P (5k,l)5

g-d(z):=¢(g7t z) forgeG, ze&,.

Classical Problem: Find concrete generators and relations for P(E,;)¢.
l.

Define ¢; j(v1,...,vg,vf, ..., vf) = <v;‘,vi> forl<i<kand1<j<

In coordinates: ¢; ; = > U;‘,ﬂii,r»

Theorem (Schur, Weyl, . ..)

P(Ek,1)C is generated by the ¢; j for 1 <i <k, 1<j <Ll
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The operator commutant FET (& _

@ P :=Ppxn = PMatmxn).
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The operator commutant FET (a la Rog_

@ P :=Ppxn = PMatmxn).

@ GL(C) x GL,(C) naturally acts on Maty, xn:

(9.9) X = (g HTXxg

D
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The operator commutant FFET (a la Roger Howe)

@ P :=Ppxn = PMatmxn).
@ GL(C) x GL,(C) naturally acts on Maty, xn:

(9.9 X = (¢ HTXd
@ Passing to Lie algebras, we obtain an action of gl,,, @ gl,, on Mat, xn:

(A4,B)- X = —ATX + XB.
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The operator commutant FFT (a la Roger Howe)

P = Pmxn = P(Matmxn)-
GL, (C) x GLp(C) naturally acts on Maty, xn:

(9.9) X = (g H)TXg

@ Passing to Lie algebras, we obtain an action of gl,,, @ gl,, on Mat, xn:

(A,B) - X := —ATX + XB.

GLm x GL,, and gl,,, @ gl,, naturally act on P.
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The operator commutant FFT (a la Roger Howe)

P = Pmxn = P(Matmxn)-
GL, (C) x GLp(C) naturally acts on Maty, xn:

(9.9 X = (¢ HTXd
Passing to Lie algebras, we obtain an action of gl,,, ® gl,, on Mat,, xn:
(A,B)-X := —ATX + XB.
GLm x GL,, and gl,,, @ gl,, naturally act on P.

Observation: gl,, and gl,, act by polarization operators:

n
0
Eijwv»Zmir— forl <i,j<m

r=1 aCCj»,«
and
o 0
Eéj ues 2 Tri—— forl<i,j<n.
r=1 6IT]'
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The operator commutant FFT (a la Roger Howe)

Weyl algebra on Mat, xn

@ PD := PDmxn: the C-algebra generated by the z; ; and the 0;,; for
1 <i<mand 1< j<mn, modulo the relations

03,5%Tk,1 — Th,105,7 = 03, k05,1
@ P is a PD-module.
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The operator commutant FFT (a la Roger Howe)

Weyl algebra on Mat, xn

@ PD := PDpmxn: the C-algebra generated by the x; ; and the 0; ; for
1 <i<mand 1< j<mn, modulo the relations

0i,jTh,l — Tk,10i,5 = 04 k05,1-
@ P is a PD-module.

@ Set U(g) := T(g)/I, where I is the ideal generated by the elements
r®y-—y®z—[z,y] , zyeg

Every Lie theorist knows: g — mod = U(g) — mod.

1034
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The operator commutant FFT (a la Roger Howe)

Weyl algebra on Mat, xn

@ PD := PDpmxn: the C-algebra generated by the x; ; and the 0; ; for
1 <i<mand 1< j<mn, modulo the relations

03,5%Tk,1 — Th,105,7 = 03, k05,1
@ P is a PD-module.

@ Set U(g) := T(g)/I, where I is the ideal generated by the elements
r®y-—y®z—[z,y] , zyeg

Every Lie theorist knows: g — mod = U(g) — mod.

@ Set Upyyn := U(gl,,) ® U(gl,,). The polarization operators result in an

algebra homomorphism
¢m,n : Un,n — PD,

such that the following diagram commutes:

Unm ® P wOred P

2Qf > bm,n(2)Qf ADf

PDQP

1024
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The operator commutant FFT (a la Roger Howe)

®f -
Umon @ P il P

I@f’_’iﬁnL,TL(T)@f A’Df

PDQP

Theorem (Howe, 1995)

(i) The subalgebras ¢m n(U(gl,,) ® 1) and ¢m »(1 ® U(gl,,)) of PD are mutual
centralizers in PD.

(i) The FFT for GL,(C) follows readily from (i).
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The operator commutant FFT (a la Roger Howe)

@ frox-
Unn®P it P
I@f’_’qbnz,nm A’Df
PDRP

Theorem (Howe, 1995)

(i) The subalgebras ¢m n(U(gl,,) ® 1) and ¢m »(1 ® U(gl,,)) of PD are mutual
centralizers in PD.

(i) The FFT for GL,(C) follows readily from (i).

Remark (trivial)

The mutual centralizer property does not hold in End(P).
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Double centralizer propert_

Ur, :=Uq(9l,,) , Ur :==Uq(gl,) , UrLr :=Ur ® Ug.

Urr —2Y%— End(Zmxn)

¢PD

ygmxn

DA
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Double centralizer property: the g-version

UL = Uq(g[m) s UR = Uq(g[n) N ULR = UL®UR.

2 End(ymxn) ¢rp y-@mxn

UrLr

Set
L= ¢U(UL ®1) NP Dmxn , Ri= ¢U(1®UR) NP Dmxn

n m
Li7j = Z tirajr , 1<4,7<m and Ri’j = Z tm-a,«j , 1<4,5<n.

r=1 r=1
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Double centralizer property: the g-version

UL = Uq(g[m) s UR = Uq(g[n) N ULR = UL®UR.

U Bnd(Posn) 222 DD

UrLr

Set
L= ¢U(UL ®1) (@) v@@mxn , R:= ¢U(1 ®UR) (@) y@mxn

n m
Lij:= Z tirOjr , 1<i,j<m and R;;:= Z triOrj , 1 <4,j <n.
r=1

r=1

Theorem (LSS)

(i) £ and R are mutual centralizers in %, xn-
(ii) £ is generated by the L; j, <i,j < m.
(iii) R is generated by the R; j, 1 <4,j < n.

107 /111



FFT : the g-version

U = Uq(gl)

UR = U‘I(E[n)
ULR [
Set

ULr :=UL®Ur

End(Zmxn) o

P Do
L:=¢u(UL®1) N PPmxn , R:=pu(1QUR) N PP mxn
Z tirdjr

<

1,7 <m and R g

m
Z tTiarj ,
r=1

<i,j<n.

Q>
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FFT : the g-version

UL = Ull(g[m) s UR = Ul](g[n) ) ULR = UL ®UR

ULR v End(ymxn) oD PDmxn

Set
L = ¢U(UL®1) @) g.@mxﬂ 5 :R = ¢U(1®UR) (&) y.@mx’n
n m
Li7j = Z tiTajr , 1<i,7<m and Ri’j = Z t”ﬁ,«j , 1<4,5<n.
r=1

r=1

Theorem (LSS)

Let @1, denote the algebra generated by kn + In generators t;; and 0y ;, where
1<i<k, 1< <I1<j<n,subject to “same” relations as Z P xn. Then:

i) (%k,l’n)Uq(g[") is generated by the L; ; for <i <k, 1<j <.

(ii) A similar assertion holds for gr(e; i r ).
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FFT : the g-version

UL = Ull(g[m) s UR = Ul](g[n) ) ULR = UL ®UR

ULR v End(ymxn) oD PDmxn

Set
L = ¢U(UL®1) @) g.@mxﬂ 5 :R = ¢U(1®UR) (&) y.@mx’n
n m
Li7j = Z tiTajr , 1<i,7<m and Ri’j = Z t”ﬁ,«j , 1<4,5<n.
r=1

r=1

Theorem (LSS)

Let @1, denote the algebra generated by kn + In generators t;; and 0y ;, where
1<i<k, 1< <I1<j<n,subject to “same” relations as Z P xn. Then:

i) (%k,l’n)Uq(g[") is generated by the L; ; for <i <k, 1<j <.

(ii) A similar assertion holds for gr(e; i r ).

PV @ (V)@  Ldeformation, o 1m).
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FFT : the g-version

Comparing with the FFT by Lehrer-Zhang—Zhang (2010)
Algebra proposed by L-Z-Z:

@ Generators: tijforl$i$kand1<j<n;6i,jf0r1$i$land1<j<n.

@ Relations between the t;; (or between the d;;): same as those of gr(e ;).

@ Mixed relations:

(1) Ocbltda = tdaOch if b # a.

(11) acatba = qtbaaca + (q - qil) Za’>a tba’aca/

Mixed relations of gr(« ;)

(i) Ocbtda = tdaOcp if b+# a and ¢ # d.
(i) Ocbtea = qtcalcp + Zc/>c(q - q_l)tc/aac’b if b # a.
(i) Ocatda = qtdaOca + Ygroa(q@ — @ DtgarOcar  if ¢ # d.

(iv) Ocalca = Z Z qac/’C+6al‘a(q_q_l)2_601’0_5(1/’atc’,a’ac’,a"

c'>=c a’=a
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