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Ei,j “
n
ÿ

a“1

xi,aBj,a act on polynomials in n2 indeterminates xi,j

The Capelli identity: rdet
“

Ej,i ` pn´ iqδj,i
‰n

i,j“1
“ detpXq detpDq.

A. Capelli H. Weyl R. Howe
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Background on Capelli operators

g : Reductive Lie algebra.

V : irreducible finite dimensional g-module.

Assume that PpV q is multiplicity-free.

PpV q –
à

λPΩ

Vλ

ù DpV q – SpV q –
à

λPΩ

V ˚λ .

Polynomial-coefficient differential operators

PDpV q is the “Weyl algebra” generated by the operators

f ÞÑ xif and f ÞÑ
B

Bxi
f 1 ď i ď dimV

PDpV qg : Algebra of g-invariant differential operators.

x P g, D P PDpV q ù px ¨Dqpfq :“ x ¨ pDpfqq ´Dpx ¨ fqq.
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Spectrum of the Capelli basis

PDpV q

g

–

`

PpV q bDpV q

˘g

–
à

λ,µPΩ

`

Vλ b V
˚
µ

˘g

–
à

λ,µPΩ

HompVµ, Vλq

HomgpVµ, Vλq :“

#

C if λ “ µ,

t0u if λ ‰ µ.
Dλ Ø 1 P HomgpVλ, Vλq

Example

g :“ glnpCq ‘ glnpCq, V :“ MatnˆnpCq – Cn b pCnq˚.

PpV q –
à

`pλqďn

Vλ Vλ – F˚λ b Fλ.

λ “ p1q “ p1, 0, . . . , 0q ù Dp1q “
ř

1ďi,jďn xi,j
B

Bxi,j

λ :“ p1nq “ p1, ..., 1q ù Dp1nq “ detprxi,jsqdetpr B
Bxi,j

sq Capelli operator

Dλ : PpV q Ñ PpV q is a g-module homomorphism (Dλ is g-invariant).

PpV q multiplicity-free ñ Dλ
ˇ

ˇ

Vµ
“ dλpµqIVµ for all λ, µ.

Problem (Kostant, Sahi, Wallach,...): Compute a formula for dλpµq.
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Interpolation Jack polynomials

P ρλ px1, . . . , xnq : symmetric polynomial of degree ď |λ| :“ λ1 ` ¨ ¨ ¨ ` λn.

λ “ pλ1, λ2 . . . , λnq, λi ě λi`1, λi P Zě0.

ρ “ pρ1, . . . , ρnq P Cn.

P ρλ pµ` ρq “

#

0 |µ| ď |λ| and µ ‰ λ,

cρλ µ “ λ.

cρλ :“
ź

sPλ

cρλp5q where cρλp5q :“ pλi ´ j ` 1` ρi ´ ρλ1j
q

Example

Let F P tR,C,Hu. Set

g :“ gR bR C, gR :“ glpn,Fq and V :“ VR bR C, VR :“ HermpFnq.

PpV q –
à

`pλqďn

Vλ.

Recall that Dλ
ˇ

ˇ

Vµ
“ dλpµqIVµ .

dλpµq “ P ρλ pµ` ρq, where:

ρ “ d
2
pn´ 1, n´ 2, . . . , 1, 0q , d “ short root multiplicity of pgR, kRq.
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Passage to quantum: the Hopf algebra Uqpglnq

k :“ Cpqq.

The quantized enveloping algebra Uqpglnq

Q :“ Zε1 ` ¨ ¨ ¨ ` Zεn (weight lattice of gln).

λ “
n
ÿ

i“1

λiεi, µ “
n
ÿ

i“1

µiεi ñ pλ, µq :“
ÿ

λiµi.

Φ :“ tεi ´ εju1ďi‰jďn : root system of type An , αi :“ εi ´ εi`1.

Uqpglnq : k-algebra generated by xEi, Fi,Kλ : 1 ď i ď n´ 1, λ P Qy modulo:

KλKµ “ Kλ`µ.

KλEi “ qpλ,αiqEiKλ , KλFi “ q´pλ,αiqFiKλ.

rEi, Fjs :“ δi,j
Ki´K

´1
i

q´q´1 , Ki :“ Kαi .

E2
i Ei˘1 ´ pq ` q

´1qEiEi˘1Ei ` Ei˘1E
2
i “ 0.

F 2
i Fi˘1 ´ pq ` q

´1qFiFi˘1Fi ` Fi˘1F
2
i “ 0.

Uqpglnq is a Hopf algebra

∆pEiq :“ Ei b 1 `Ki b Ei , ∆pFiq :“ Fi bK
´1
i ` 1 b Fi , ∆pKλq :“ Kλ bKλ.

SpEiq :“ ´K´1
i Ei, SpFiq :“ ´FiKi, SpKiq :“ K´1

i , εpKλq “ 1, εpEiq “ 0, εpFiq “ 0.
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Quantum symmetric spaces

g: reductive Lie algebra , θ: involution of g ù k :“ gθ.

Bθpbq: deformation of Upgθq that fits in Uqpgq as a right coideal subalgebra.

Generators of Bθpbq

Assume g :“ gR bR C for gR :“ glnpFq, where F P tR,C,Hu.

Set k :“ kR bR C where kR is the maximal compact of gR.

F g k N
R gln on n
C gln ‘ gln gln 2n
H gl2n sp2n 2n

Set ei :“ Ei,i`1 , fi :“ Ei`1,i , hεj :“ Ej,j (basis of glN )

F “ R: θpeiq “ ´fi, θpfiq “ ´ei, θphεj q “ ´hεj .

Bθ is generated by Fi ´ biEiK
´1
i .

F “ C: θpeiq “ ´fn`i, θpen`iq “ ´fi, θphεj q “ ´hεn`j .

Bθpbq generated by Fi ´ biEn`iK
´1
i , Fn`i ´ biEiK

´1
n`i, pK

´1
εj Kεn`j q

˘1.

F “ H: θpeiq “ ei, θpfiq “ fi, θphεi q “ hεi for i odd,
θpfiq “ ´rei´1, rei`1, eiss, θphε2i q “ hε2i´1 for i even.

Bθ generated by Ei, Fi,K
˘1
i (i odd), Fi ´ birEi´1,rEi`1,EisqsqK

´1
i (i even).
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F “ C: θpeiq “ ´fn`i, θpen`iq “ ´fi, θphεj q “ ´hεn`j .

Bθpbq generated by Fi ´ biEn`iK
´1
i , Fn`i ´ biEiK

´1
n`i, pK

´1
εj Kεn`j q

˘1.

F “ H: θpeiq “ ei, θpfiq “ fi, θphεi q “ hεi for i odd,
θpfiq “ ´rei´1, rei`1, eiss, θphε2i q “ hε2i´1 for i even.

Bθ generated by Ei, Fi,K
˘1
i (i odd), Fi ´ birEi´1,rEi`1,EisqsqK

´1
i (i even).
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Quantized coordinate ring of MatNˆN

The FRT bialgebra

R “
ř

RklijEk,i b El,j P EndkpkN b kN q.

ApRq :“ x tij , 1 ď i, j ď N : RT1T2 “ T2T1R y

T :“ rtijs , T1 “ T b I , T2 “ I b T

The algebra PNˆN

Set PNˆN :“ ApRq for the R-matrix given by:

Riiii “ q, Rijij “ 1 for i ‰ j, Rjiij “ pq ´ q
´1
q for i ă j.

ApRq is the algebra generated by tij for 1 ď i, j ď N modulo the
relations:

tijtik “ qtiktij , tjitki “ qtkitji pj ă kq

tiltkj “ tkjtil , tijtkl ´ tkltij “ pq ´ q
´1
qtiltkj pi ă k, j ă lq
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The bimodule algebras PNˆN and DNˆN

PNˆN ãÑ UqpglN q
˝ (matrix coefficients of the “standard module”)

PNˆN is a bialgebra:

∆pti,jq “
ÿ

k

ti,k b tk,j .

UqpglN q acts on PNˆN by left and right translation:

x ¨L u :“
ÿ

xu1, xyu2 , x ¨R u “
ÿ

u1xu2, x
6y,

where x ÞÑ x6 is the Hopf isomorphism UqpglN q Ñ UqpglN q
op given by

E6i :“ q´1FiKi , F
6

i :“ qK´1
i Ei , K

6
εi

:“ Kεi ,

and ∆puq “
ř

u1 b u2 (Sweedler notation).

Analogous properties hold by DNˆN :“ pPNˆN q
op.

Formulas for left translation of UqpglN q on PNˆN and DNˆN

Ek ¨ ti,j “ δk,i´1ti´1,j , Fk ¨ ti,j “ δk,iti`1,k , Kεk ¨ ti,j “ qδk,j ti,j

Ek ¨ Bi,j “ ´q
´1Bi`1,j , Fk ¨ Bi,j “ ´qδi´1,kBi´1,j , Kεk ¨ ti,j “ q´δk,j Bi,j

48 / 111



The bimodule algebras PNˆN and DNˆN

PNˆN ãÑ UqpglN q
˝ (matrix coefficients of the “standard module”)

PNˆN is a bialgebra:

∆pti,jq “
ÿ

k

ti,k b tk,j .

UqpglN q acts on PNˆN by left and right translation:

x ¨L u :“
ÿ

xu1, xyu2 , x ¨R u “
ÿ

u1xu2, x
6y,

where x ÞÑ x6 is the Hopf isomorphism UqpglN q Ñ UqpglN q
op given by

E6i :“ q´1FiKi , F
6

i :“ qK´1
i Ei , K

6
εi

:“ Kεi ,

and ∆puq “
ř

u1 b u2 (Sweedler notation).

Analogous properties hold by DNˆN :“ pPNˆN q
op.

Formulas for left translation of UqpglN q on PNˆN and DNˆN

Ek ¨ ti,j “ δk,i´1ti´1,j , Fk ¨ ti,j “ δk,iti`1,k , Kεk ¨ ti,j “ qδk,j ti,j

Ek ¨ Bi,j “ ´q
´1Bi`1,j , Fk ¨ Bi,j “ ´qδi´1,kBi´1,j , Kεk ¨ ti,j “ q´δk,j Bi,j

49 / 111



The bimodule algebras PNˆN and DNˆN

PNˆN ãÑ UqpglN q
˝ (matrix coefficients of the “standard module”)

PNˆN is a bialgebra:

∆pti,jq “
ÿ

k

ti,k b tk,j .

UqpglN q acts on PNˆN by left and right translation:

x ¨L u :“
ÿ

xu1, xyu2 , x ¨R u “
ÿ

u1xu2, x
6y,

where x ÞÑ x6 is the Hopf isomorphism UqpglN q Ñ UqpglN q
op given by

E6i :“ q´1FiKi , F
6

i :“ qK´1
i Ei , K

6
εi

:“ Kεi ,

and ∆puq “
ř

u1 b u2 (Sweedler notation).

Analogous properties hold by DNˆN :“ pPNˆN q
op.

Formulas for left translation of UqpglN q on PNˆN and DNˆN

Ek ¨ ti,j “ δk,i´1ti´1,j , Fk ¨ ti,j “ δk,iti`1,k , Kεk ¨ ti,j “ qδk,j ti,j

Ek ¨ Bi,j “ ´q
´1Bi`1,j , Fk ¨ Bi,j “ ´qδi´1,kBi´1,j , Kεk ¨ ti,j “ q´δk,j Bi,j

50 / 111



The bimodule algebras PNˆN and DNˆN

PNˆN ãÑ UqpglN q
˝ (matrix coefficients of the “standard module”)

PNˆN is a bialgebra:

∆pti,jq “
ÿ

k

ti,k b tk,j .

UqpglN q acts on PNˆN by left and right translation:

x ¨L u :“
ÿ

xu1, xyu2 , x ¨R u “
ÿ

u1xu2, x
6y,

where x ÞÑ x6 is the Hopf isomorphism UqpglN q Ñ UqpglN q
op given by

E6i :“ q´1FiKi , F
6

i :“ qK´1
i Ei , K

6
εi

:“ Kεi ,

and ∆puq “
ř

u1 b u2 (Sweedler notation).

Analogous properties hold by DNˆN :“ pPNˆN q
op.

Formulas for left translation of UqpglN q on PNˆN and DNˆN

Ek ¨ ti,j “ δk,i´1ti´1,j , Fk ¨ ti,j “ δk,iti`1,k , Kεk ¨ ti,j “ qδk,j ti,j

Ek ¨ Bi,j “ ´q
´1Bi`1,j , Fk ¨ Bi,j “ ´qδi´1,kBi´1,j , Kεk ¨ ti,j “ q´δk,j Bi,j

51 / 111



The bimodule algebras PNˆN and DNˆN

PNˆN ãÑ UqpglN q
˝ (matrix coefficients of the “standard module”)

PNˆN is a bialgebra:

∆pti,jq “
ÿ

k

ti,k b tk,j .

UqpglN q acts on PNˆN by left and right translation:

x ¨L u :“
ÿ

xu1, xyu2 , x ¨R u “
ÿ

u1xu2, x
6y,

where x ÞÑ x6 is the Hopf isomorphism UqpglN q Ñ UqpglN q
op given by

E6i :“ q´1FiKi , F
6

i :“ qK´1
i Ei , K

6
εi

:“ Kεi ,

and ∆puq “
ř

u1 b u2 (Sweedler notation).

Analogous properties hold by DNˆN :“ pPNˆN q
op.

Formulas for left translation of UqpglN q on PNˆN and DNˆN

Ek ¨ ti,j “ δk,i´1ti´1,j , Fk ¨ ti,j “ δk,iti`1,k , Kεk ¨ ti,j “ qδk,j ti,j

Ek ¨ Bi,j “ ´q
´1Bi`1,j , Fk ¨ Bi,j “ ´qδi´1,kBi´1,j , Kεk ¨ ti,j “ q´δk,j Bi,j

52 / 111



Quantum homogeneous coordinate rings

Recall that k “ gθ. Set

P :“

#

PNˆN F ‰ C,
Pnˆn bPnˆn F “ C.

, D :“

#

DNˆN F ‰ C,
Dnˆn bDnˆn F “ C.

pUqpgq,Bθq ù RgJ1R
t1
g J2 “ J2R

t1
g J1Rg.

Rg “
ř

pRgq
kl
ijEk,i b El,j (closely related to R).

pRt1g q
kl
ij “ pRgq

il
kj , J1 :“ J b I, J2 :“ I b J .

J “

$

’

&

’

%

řn
k“1 Ek,k F “ R

řn
k“1pEk,n`k ` En`k,kq F “ C

řn
k“1pE2k´1,2k ´ E2k,2k´1q F “ H

θpxq :“ ´JxtJ´1

Set xi,j :“
ř

1ďr,sďN Jr,sti,rtj,s for 1 ď i, j ď N .

Set di,j :“
ř

1ďr,sďN q
´2ŝJr,sBi,rBj,s where ŝ “ s when F ‰ C,

and otherwise:

ŝ :“

#

s s ď n

s´ n s ě n` 1.
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´2ŝJr,sBi,rBj,s where ŝ “ s when F ‰ C,
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Quantum homogeneous coordinate rings

Proposition

The xi,j and the di,j are right Bθpbq-invariant if and only if

F “ R: bi “ 1 for all 1 ď i ď n.

F “ C: bi “ q for all 1 ď i ď n.

F “ H: b2i “ q3 for all 1 ď i ď n.

Pθ: The subalgebra of P that is generated by the xi,j .

Dθ: The subalgebra of D that is generated by the di,j .

Theorem (LSS)

Pθ is the algebra generated by the xi,j modulo the following relations:

RgX1R
t1
g X2 “ X2R

t1
g X1Rg where X1 “ X b I , X2 “ I bX.

xi,j “ γxj,i for i ă j and xa,b “ 0 for pa, bq P S where

γ :“

$

’

&

’

%

q F “ R
1 F “ C
´q´1 F “ H

, S “

$

’

&

’

%

∅ F “ R
tpi, jq, 1 ď i, j ď nu Y tpi, jq, n ` 1 ď i, j ď 2nu F “ C
tpi, iq, i “ 1, . . . , 2nu F “ H
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Towards the quantum Weyl algebra

Twisted tensor product

Let A and B be associative algebras and let τ : B bAÑ AbB satisfy

τp1b aq “ ab 1 and τpbb 1q “ 1b b.

τ ˝ p1B bmAq “ pmA b 1Bqp1A b τqpτ b 1Aq.

τ ˝mB b 1A “ p1A bmBqpτ b 1Bqp1B b τq.

Then AbB is an associative algebra when equipped with

mAbB :“ pmA bmBq ˝ p1A b τ b 1Bq.

Pairing

A pairing between bialgebras A and B is a bilinear map from AˆB to
scalars such that

xa, 1y “ εpaq , x1, by “ εpbq.

x∆paq, bb b1y “ xa, bb1y , xab a1,∆pbqy “ xaa1, by.
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τ ˝mB b 1A “ p1A bmBqpτ b 1Bqp1B b τq.

Then AbB is an associative algebra when equipped with

mAbB :“ pmA bmBq ˝ p1A b τ b 1Bq.

Pairing

A pairing between bialgebras A and B is a bilinear map from AˆB to
scalars such that

xa, 1y “ εpaq , x1, by “ εpbq.

x∆paq, bb b1y “ xa, bb1y , xab a1,∆pbqy “ xaa1, by.
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Towards the quantum Weyl algebra

Lemma

Let A and B be bialgebras. Suppose that

ux¨, ¨y is a pairing between Aop and B.

vx¨, ¨y is a pairing between A and Bop.

Then the map τpbb aq :“
ř

a2 b b2vxa1, b1yuxa3, b3y is a twisting map.

Two pairs of pairings

Recall the R-matrix defined by Riiii “ q, Rijij “ 1 for i ‰ j, Rjiij “ pq ´ q
´1
q

for i ă j.

Set R0 :“ Rt2 an R1 :“ pR´1
21 q

t2 .

For σ P t0, 1u we have pairings uσx¨, ¨y between DNˆN and PNˆN ,
and vσx¨, ¨y between PNˆN and DNˆN , defined by

uσpBi,j , tk,ly “ vσxti,j , Bk,ly “ pRσq
ik
jl .

Proposition

Let τ :“ τσ,σ1 for σ, σ1 P t0, 1u. The twisted tensor product
Aσ,σ1 :“ PNˆN bτ DNˆN is a UqpglN q-bimodule algebra.
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Towards the quantum Weyl algebra

Lemma

Let A and B be bialgebras. Suppose that
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Towards the quantum Weyl algebra

Remark

We have A0,0 – A1,1 and A0,1 – A1,0 via the maps ti,j Ø tN`1´i,N`1´j

and Bi,j Ø BN`1´i,N`1´j .

P̂: algebra generated by two copies of P, no relations (ti,j and t1i,j).

D̂ : algebra generated by two copies of D , no relations (Bi,j and B1i,j).

Extended Weyl algebras

For α, β, υ, σ P t0, 1u we set

τα,β,υ,σpBe,a b tf,bq :“ τα,βpBe,a b tf,bq

τα,β,υ,σpB
1
e,a b tf,bq “ τυ,σpB

1
e,a b tf,bq.

This yields the twisted tensor product

Aα,β,υ,σ :“ D̂ bτ P

where τ :“ τα,β,υ,σ. Similarly, we can define a twisted tensor product

A1α,β,υ,σ “ D bτ 1 P̂

where τ 1 “ τ 1α,β,υ,σ (defined analogously).
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Towards the quantum Weyl algebra

Remark

We have A0,0 – A1,1 and A0,1 – A1,0 via the maps ti,j Ø tN`1´i,N`1´j

and Bi,j Ø BN`1´i,N`1´j .

P̂: algebra generated by two copies of P, no relations (ti,j and t1i,j).

D̂ : algebra generated by two copies of D , no relations (Bi,j and B1i,j).

Extended Weyl algebras

For α, β, υ, σ P t0, 1u we set

τα,β,υ,σpBe,a b tf,bq :“ τα,βpBe,a b tf,bq

τα,β,υ,σpB
1
e,a b tf,bq “ τυ,σpB

1
e,a b tf,bq.

This yields the twisted tensor product

Aα,β,υ,σ :“ D̂ bτ P

where τ :“ τα,β,υ,σ. Similarly, we can define a twisted tensor product

A1α,β,υ,σ “ D bτ 1 P̂

where τ 1 “ τ 1α,β,υ,σ (defined analogously).
70 / 111



Towards the quantum Weyl algebra

Remark
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Towards the quantum Weyl algebra

Remark

We have A0,0 – A1,1 and A0,1 – A1,0 via the maps ti,j Ø tN`1´i,N`1´j
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Towards the quantum Weyl algebra

Proposition

Set d1i,j :“
ř

q´2ŝJr,sBi,rB
1
j,s. Also set Sγ “ Rg if γ “ 0 and Sγ “ pRgq

´1
21 if

γ “ 1. If β ` σ “ 1, then the subalgebra of Aα,β,υ,σ generated by P 1
θ and

Dθ satisfies the relations

dabx
1
ef “

ÿ

r,w,p,q,x,y,m,l

pSt2α q
wr
xq pS

t2
α q

pq
mapS

t2
υ q

xy
fl pS

t2
υ q

ml
eb x

1
pwdry

for all a, b, e, f .

Theorem (LSS)

The relation

τθα,υpdab b xef q “
ÿ

r,w,p,q,x,y,m,l

pSt2α q
wr
xq pS

t2
α q

pq
mapS

t2
υ q

xy
fl pS

t2
υ q

ml
eb pxpw b dryq

uniquely defines a twisting on Dθ bPθ. The twisted tensor product
Aθ
υ,σ :“ Pθ bτθυ,σ

Dθ naturally embeds in Aα,β,υ,σ for β ` σ “ 1.
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Towards the quantum Weyl algebra

Proposition

Set d1i,j :“
ř

q´2ŝJr,sBi,rB
1
j,s. Also set Sγ “ Rg if γ “ 0 and Sγ “ pRgq

´1
21 if

γ “ 1. If β ` σ “ 1, then the subalgebra of Aα,β,υ,σ generated by P 1
θ and
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dabx
1
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t2
α q

pq
mapS

t2
υ q

xy
fl pS

t2
υ q

ml
eb x

1
pwdry

for all a, b, e, f .

Theorem (LSS)

The relation

τθα,υpdab b xef q “
ÿ

r,w,p,q,x,y,m,l

pSt2α q
wr
xq pS

t2
α q

pq
mapS

t2
υ q

xy
fl pS

t2
υ q

ml
eb pxpw b dryq

uniquely defines a twisting on Dθ bPθ. The twisted tensor product
Aθ
υ,σ :“ Pθ bτθυ,σ

Dθ naturally embeds in Aα,β,υ,σ for β ` σ “ 1.
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PBW deformation of Aυ,υ

A “ T pY q{xIy, B “ T pZq{xJy Koszul algebras, I Ď Y b2, J Ď Zb2.

τp1,1q : Z b Y Ñ Y b Z

τpm,m1q : Zbm b Y bm
1

Ñ Y bm
1

b Zbm

The induced τ : T pZq b T pY q Ñ T pY q b T pZq is a twisting map.

Proposition (Walton–Witherspoon, 2018)

Assume that τ descends to a twisting map B bAÑ AbB. Then:

E :“ Abτ B is Koszul.

E – T pZ ‘ Y q{xI ` J `Ky where

K :“ tw ´ τpwq : w P Z b Y u Ď Z b Y ` Y b Z.

Theorem (Walton–Witherspoon, 2018)

Let µ P pI ` J `Kq˚ and set Eµ :“ T pZ ‘ Y q{xr ´ µprq : r P I ` J `Ky.
Then Eµ is a PBW deformation of E if and only if µb 1 “ 1b µ on

pI ` J `Kq b pZ ` Y q X pZ ` Y q b pI ` J `Kq.
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PBW deformation of Aυ,υ

The quantum Weyl algebra PDNˆN (Shklyarov, Sinelshchikov, Vaksman, 1999)

Y : linear span of the ti,j , i.e., A – PNˆN .

Z: linear span of the Bi,j , i.e., B – DNˆN .

µ ” 0 on Y b Y ` Z b Z ` Y b Z, µpBi,j b tk,lq “ δi,kδj,s.

τ :“ τυ,υ.

The resulting algebra is PDNˆN generated by the ti,j and the Bi,j .
The “relations in K” are generated by:

(i) Bcbtda “ tdaBcb if b ‰ a and c ‰ d.

(ii) Bcbtca “ qtcaBcb `
ř

c1ącpq ´ q
´1qtc1aBc1b if b ‰ a.

(iii) Bcatda “ qtdaBca `
ř

a1ąapq ´ q
´1qtda1Bca1 if c ‰ d.

(iv) Bcatca “ 1`
ÿ

c1ěc

ÿ

a1ěa

q
δc1,c`δa1,a pq ´ q´1q

2´δc1,c´δa1,a tc1,a1Bc1,a1 .
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PBW deformation of Aυ,υ
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PBW deformation of Aθ
υ,υ

Theorem (LSS)

Let υ P t0, 1u. Then the following hold:

There exists an essentially unique left Uqpgq and right Bθ invariant
form on Dθ ˆPθ such that

xdi,j , xk,ly “ q´δk,lδi,kδj,l,

under the constraints
$

’

&

’

%

i ď j and k ď l F “ R
i ď n and j ě n` 1 F “ C
i ă j and j ă l F “ H.

For Y :“ spantxi,ju, Z :“ spantdi,ju, µ P pZ b Y q
˚ defined using x¨, ¨y

and τ :“ τθυ,υ we obtain a PBW deformation PDθ :“ Eµ of Pθ bτ Dθ

with a Uqpgq-equivariant action

PDθ bPθ Ñ Pθ.
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PBW deformation of Aθ
υ,υ

Theorem (LSS)

Let υ P t0, 1u. Then the following hold:

There exists an essentially unique left Uqpgq and right Bθ invariant
form on Dθ ˆPθ such that

xdi,j , xk,ly “ q´δk,lδi,kδj,l,

under the constraints
$

’

&

’

%

i ď j and k ď l F “ R
i ď n and j ě n` 1 F “ C
i ă j and j ă l F “ H.

For Y :“ spantxi,ju, Z :“ spantdi,ju, µ P pZ b Y q
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and τ :“ τθυ,υ we obtain a PBW deformation PDθ :“ Eµ of Pθ bτ Dθ

with a Uqpgq-equivariant action

PDθ bPθ Ñ Pθ.
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Capelli operators: q-variation

Pθ –
À

`pλqďn Vλ, Dθ –
À

`pλqďn V
˚
λ as Uqpgq-modules.

Dλ P pVλ b V
˚
λ q

Uqpgq Ď PDθ.

Interpolation Macdonald polynomials (Sahi, 1996)

Let λ be a partition satisfying `pλq ď n. Then Rλ P Qpq, tqrx1, . . . , xns is the
unique polynomial satisfying the following:

degpRλq “ |λ|.

Rλ is symmetric in the xi. Furthermore Rλ “ mλ `
ř

µďλ cλ,µmµ.

Rλpq
´µτ, q, tq “ 0, where τ “ pτ1, . . . , τnq with τi :“ t´n`i,

for µ such that |µ| ď |λ| and µ ‰ λ.

Theorem. The top degree homogeneous component of Rλ is the
(usual) Macdonald polynomial Pλ.

Theorem (LSS)

The eigenvalue of Dλ P PDθ on the irreducible component Fµ of Pθ is
equal to Rλpq

´µτ, q, q2{d
q where d :“ dimF.
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Capelli operators: q-variation
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Capelli operators: q-variation

Pθ –
À

`pλqďn Vλ, Dθ –
À

`pλqďn V
˚
λ as Uqpgq-modules.

Dλ P pVλ b V
˚
λ q

Uqpgq Ď PDθ.

Interpolation Macdonald polynomials (Sahi, 1996)

Let λ be a partition satisfying `pλq ď n. Then Rλ P Qpq, tqrx1, . . . , xns is the
unique polynomial satisfying the following:

degpRλq “ |λ|.

Rλ is symmetric in the xi. Furthermore Rλ “ mλ `
ř

µďλ cλ,µmµ.

Rλpq
´µτ, q, tq “ 0, where τ “ pτ1, . . . , τnq with τi :“ t´n`i,

for µ such that |µ| ď |λ| and µ ‰ λ.

Theorem. The top degree homogeneous component of Rλ is the
(usual) Macdonald polynomial Pλ.

Theorem (LSS)

The eigenvalue of Dλ P PDθ on the irreducible component Fµ of Pθ is
equal to Rλpq

´µτ, q, q2{d
q where d :“ dimF.

85 / 111



Capelli operators: q-variation

The locally finite part of UqpglN q, à la Joseph et Letzter (1994)

F pglN q :“ tx P UqpglN q : dimUqpglN qpxq ă 8u.

F pglN q “
À

λPΩN
adUqpslN qpK2λq where

ΩN “

#

ÿ

i

λiεi : `i`1 ´ `i P t0, 2, 4, . . .u

+

.

Furthermore, each summand adUqpslN qpK2λq contains a unique (up to
scalar) zλ P ZpUqpglN qq.

Proposition (LSS)

There exists a subalgebra F 1pglN q Ď F pglN q together with an injection
F 1pglN q ãÑ PDNˆN resulting in a commutative diagram

F 1pglN q bPNˆN
//

**

PDNˆN bPNˆN

��

PNˆN
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Capelli operators: q-variation

The locally finite part of UqpglN q, à la Joseph et Letzter (1994)
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The First Fundamental Theorem of Invariant Theory

G :“ GLnpCq , V :“ Cn , G naturally acts on V (hence on V ˚).

Ek,l :“ V ‘k ‘ pV ˚q‘l.

G acts on the polynomial algebra P
`

Ek,l
˘

:

g ¨ φpxq :“ φpg´1 ¨ xq for g P G, x P Ek,l.

Classical Problem: Find concrete generators and relations for PpEk,lqG.

Define φi,jpv1, . . . , vk, v
˚
1 , . . . , v

˚
l q :“ xv˚j , viy for 1 ď i ď k and 1 ď j ď l.

In coordinates: φi,j “
řn
r“1 v

˚
j,rvi,r.

Theorem (Schur, Weyl, . . .)

PpEk,lqG is generated by the φi,j for 1 ď i ď k, 1 ď j ď l.
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The operator commutant FFT (à la Roger Howe)

P :“ Pmˆn :“ PpMatmˆnq.

GLmpCq ˆGLnpCq naturally acts on Matmˆn:

pg, g1q ¨X :“ pg´1qTXg1

Passing to Lie algebras, we obtain an action of glm ‘ gln on Matmˆn:

pA,Bq ¨X :“ ´ATX `XB.

GLm ˆGLn and glm ‘ gln naturally act on P.

Observation: glm and gln act by polarization operators:

Eij ù

n
ÿ

r“1

xir
B

Bxjr
for 1 ď i, j ď m

and

E1ij ù

m
ÿ

r“1

xri
B

Bxrj
for 1 ď i, j ď n..
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The operator commutant FFT (à la Roger Howe)

Weyl algebra on Matmˆn

PD :“ PDmˆn: the C-algebra generated by the xi,j and the Bi,j for
1 ď i ď m and 1 ď j ď n, modulo the relations

Bi,jxk,l ´ xk,lBi,j “ δi,kδj,l.

P is a PD-module.

Set Upgq :“ T pgq{I, where I is the ideal generated by the elements

xb y ´ y b x´ rx, ys , x, y P g.

Every Lie theorist knows: g´mod – Upgq ´mod.

Set Um,n :“ Upglmq b Upglnq. The polarization operators result in an
algebra homomorphism

φm,n : Um,n Ñ PD,
such that the following diagram commutes:

Um,n b P

xbf ÞÑφm,npxqbf
&&

xbf ÞÑx¨f
// P

PD b P
Dbf ÞÑDf

;;
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The operator commutant FFT (à la Roger Howe)

Um,n b P

xbf ÞÑφm,npxqbf
&&

xbf ÞÑx¨f
// P

PD b P
Dbf ÞÑDf

;;

Theorem (Howe, 1995)

(i) The subalgebras φm,npUpglmq b 1q and φm,np1b Upglnqq of PD are mutual
centralizers in PD.

(ii) The FFT for GLnpCq follows readily from (i).

Remark (trivial)

The mutual centralizer property does not hold in EndpPq.
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Double centralizer property: the q-version

UL :“ Uqpglmq , UR :“ Uqpglnq , ULR :“ UL b UR.

ULR
φU

ÝÝÝÝÝÑ EndpPmˆnq
φPD

ÐÝÝÝÝÝÝ PDmˆn

Set
L :“ φU pUL b 1q XPDmˆn , R :“ φU p1b URq XPDmˆn

Li,j :“
n
ÿ

r“1

tirBjr , 1 ď i, j ď m and Ri,j :“
m
ÿ

r“1

triBrj , 1 ď i, j ď n.

Theorem (LSS)

(i) L and R are mutual centralizers in PDmˆn.

(ii) L is generated by the Li,j , ď i, j ď m.

(iii) R is generated by the Ri,j , 1 ď i, j ď n.
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FFT : the q-version

UL :“ Uqpglmq , UR :“ Uqpglnq , ULR :“ UL b UR.
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Set
L :“ φU pUL b 1q XPDmˆn , R :“ φU p1b URq XPDmˆn

Li,j :“
n
ÿ

r“1

tirBjr , 1 ď i, j ď m and Ri,j :“
m
ÿ

r“1

triBrj , 1 ď i, j ď n.

Theorem (LSS)

Let Ak,l,n denote the algebra generated by kn` ln generators tij and Bi1j , where
1 ď i ď k, 1 ď i1 ď l, 1 ď j ď n, subject to “same” relations as PDmˆn. Then:

(i)
`

Ak,l,n
˘Uqpglnq is generated by the Li,j for ď i ď k, 1 ď j ď l.

(ii) A similar assertion holds for grpAk,l,nq.

PpV ‘k ‘ pV ˚q‘lq q-deformation
ÝÝÝÝÝÝÝÝÝÑ grpAk,l,nq.

108 / 111



FFT : the q-version

UL :“ Uqpglmq , UR :“ Uqpglnq , ULR :“ UL b UR.

ULR
φU

ÝÝÝÝÝÑ EndpPmˆnq
φPD

ÐÝÝÝÝÝÝ PDmˆn

Set
L :“ φU pUL b 1q XPDmˆn , R :“ φU p1b URq XPDmˆn

Li,j :“
n
ÿ

r“1

tirBjr , 1 ď i, j ď m and Ri,j :“
m
ÿ

r“1

triBrj , 1 ď i, j ď n.

Theorem (LSS)

Let Ak,l,n denote the algebra generated by kn` ln generators tij and Bi1j , where
1 ď i ď k, 1 ď i1 ď l, 1 ď j ď n, subject to “same” relations as PDmˆn. Then:

(i)
`

Ak,l,n
˘Uqpglnq is generated by the Li,j for ď i ď k, 1 ď j ď l.

(ii) A similar assertion holds for grpAk,l,nq.

PpV ‘k ‘ pV ˚q‘lq q-deformation
ÝÝÝÝÝÝÝÝÝÑ grpAk,l,nq.

109 / 111



FFT : the q-version

UL :“ Uqpglmq , UR :“ Uqpglnq , ULR :“ UL b UR.

ULR
φU

ÝÝÝÝÝÑ EndpPmˆnq
φPD

ÐÝÝÝÝÝÝ PDmˆn

Set
L :“ φU pUL b 1q XPDmˆn , R :“ φU p1b URq XPDmˆn

Li,j :“
n
ÿ

r“1

tirBjr , 1 ď i, j ď m and Ri,j :“
m
ÿ

r“1

triBrj , 1 ď i, j ď n.

Theorem (LSS)

Let Ak,l,n denote the algebra generated by kn` ln generators tij and Bi1j , where
1 ď i ď k, 1 ď i1 ď l, 1 ď j ď n, subject to “same” relations as PDmˆn. Then:

(i)
`

Ak,l,n
˘Uqpglnq is generated by the Li,j for ď i ď k, 1 ď j ď l.

(ii) A similar assertion holds for grpAk,l,nq.

PpV ‘k ‘ pV ˚q‘lq q-deformation
ÝÝÝÝÝÝÝÝÝÑ grpAk,l,nq.

110 / 111



FFT : the q-version

Comparing with the FFT by Lehrer–Zhang–Zhang (2010)

Algebra proposed by L–Z–Z:

Generators: tij for 1 ď i ď k and 1 ď j ď n; Bi,j for 1 ď i ď l and 1 ď j ď n.

Relations between the tij (or between the Bij): same as those of grpAk,l,nq.

Mixed relations:

(i) Bcbtda “ tdaBcb if b ‰ a.

(ii) Bcatba “ qtbaBca ` pq ´ q
´1q

ř

a1ąa tba1Bca1

Mixed relations of grpAk,l,nq

(i) Bcbtda “ tdaBcb if b ‰ a and c ‰ d.

(ii) Bcbtca “ qtcaBcb `
ř

c1ącpq ´ q
´1qtc1aBc1b if b ‰ a.

(iii) Bcatda “ qtdaBca `
ř

a1ąapq ´ q
´1qtda1Bca1 if c ‰ d.

(iv) Bcatca “
ÿ

c1ěc

ÿ

a1ěa

q
δc1,c`δa1,a pq ´ q´1q

2´δc1,c´δa1,a tc1,a1Bc1,a1 .
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