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Sampling in Continuous Time via Langevin Dynamics



Sampling Problem

Goal: Sample from a probability distribution on RY with density
() 7 exp( f(x))

Assume f: RY B R is twice-differentiable

Assume we can evaluate score fgnction rf(x), but don't
know the normalizing constant ,qexp( f(x))dx < 1.

Useful for Bayesian inference, numerical integration,
uncertainty quantification, differential privacy, ...

€.g.: pposterior(xj y) / pprior(x) plikelihood(yj X)



Optimization and Sampling

Optimization
min f(x)
x2Rd
Sampling

() 7/ exp( £(x))




Dynamics and Algorithms for Optimization min,ora (X)
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Dynamics and Algorithms for Sampling exp( f)



Sampling via Langevin Dynamics
To sample from / e f, the Langevin dynamics is the SDE:
p_
dXi;= r f(Xy)dt+ 2dw,;
where(W;); o is the standard Brownian motion oR?¢.

Target distribution is stationary, andX ¢ ¢! ast!1l

Density {: R9! R evolves via the Fokker-Planck equation:

@@ttzr (¢rf)+ (=T tr Iog—t

Optimization meaning: In the space of probability distributions
P (RY) with WassersteinV, metric, this is gradient ow for
minimizing KL divergenc@ordan, Kinderlehrer, Otto '98]

1= grady,KL( tk )



KL Divergence, Fisher Information, De Bruijn's Identity

Kullback-Leibler (KL) Divergence betweenand onRY is:
h i
KL( kK )= E log-—

KL( k) OandKL k )=01i =

The Relative Fisher Information betweenand on RY is:

2
FIl k )= E r log-

de Bruijn's identity: If  evolves along Langevin dynamics:

%KL( tk )= FI( tk)



De nitions: SLC and LSI Distributions

Def: [/ e ' is -strongly log-concave (SLC)
if f is -strongly convexi( %f (x) | ).

Optimization meaning: 7! KL( k )is -strongly convex or{P(RY); W).

Def: satises -log-Sobolev inequality (LSI)
if for all probability distributions

FIC k) 2 KL( k)
Optimization meaning:  -Polyak-Lojaciewicz (PL) condition:
kgrady,. KL( k )k* 2 KL( k ):

Lemma: -SLC) -LSI [Bakry-Emery '85]

LSl is stable under bounded perturbatigsoliey-Stroock], Lipschitz mapping



Mixing Time of Langevin Dynamics

dX¢= r f(Xt)dt+p§th

If is -strongly log-concavef(is -strongly convex), then:
Contraction inW>, distance: If ;; ¢ evolve along Langevin:

Wa( 1; )% e 2" Wa( o) 0)?

Convergence in relative Fisher information to e :
FIC k) e 2 FI( ok )

If satises -log-Sobolev inequality (LSI), then:
Exponential convergence in KL (also Renyi) divergence:

KL( tk ) e 2" KL( ok )



Mixing Time of Langevin Dynamics: Optimization View

Langevin Dynamics:

p_
dXi{=r f(Xt)dt"‘ 2dW;
is -strongly log-concave:

Wa( t; 1)? e 2" Wa( o) 0)?

is -strongly log-concave:

FIC k) e 2 FI( ok )
satises -LSlI:
KL( tk ) e 2" KL( ok )

Gradient Flow:
Xy= 1 F(Xy)
F is -strongly convex:

kX: Yik? e ?' kXo Yok®

F is -strongly convex:

kr F(X)k?® e 2' kr F(Xo)k?

F satises -PL (minF =0):

F(Xy) e 2! F(Xo)



Mixing Time of Langevin Dynamics: To Discrete Time?

dX¢= r f(Xt)dt+p§th

Good mixing time of Langevin dynamics under SLC/LSI
(, Convergence of Gradient ow under strong convexity/PL)

Langevin also has good convergence in Renyi anddivergence

But these are in continuous time! What about in discrete time?
1. Unadjusted Langevin Algorithm, which is explicit but biased.

2. Proximal Sampler, which is implicit but unbiased.
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Discrete-time Algorithm 1: Unadjusted Langevin Algorithm



Optimization & Sampling in Discrete Time

Gradient Flow:
Xe= 1 F(Xy)

F satises -PL (minF =0):

F(Xy) e ?' F(Xo)

Langevin Dynamics:
dX¢= r f(X¢)dt+ IOédwt

satises -LSl:

KL( tk ) e 2" KL( ok )

Gradient Descent:

Xk+1 = Xk r F(xg)

F is -PL & L-smooth, L

2L

Fxi) @ )*F(xo)




Optimization & Sampling in Discrete Time

Gradient Flow: Langevin Dynamics:
p_
Xe= 1 F(Xy) dX;= r f(Xydt+ 2dw,
F satises -PL (minF =0): satises -LSl:
F(X:) e ?' F(Xo) KL( tk ) e 2! KL( ok )
Gradient Descent: Unadjusted Langevin Algorithm?

Xk+1 = Xk r F(Xk)

F is -PL & L-smooth, o

Fxi) @ )*F(xo)
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