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Actual Application: X-FEL

Single-shot Femtosecond X-ray Imaging

(joint work with Helmut Grubmüller)
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X-FEL

Single-shot Femtosecond X-ray Imaging with Density Functional
Theory
Given a collection of measurements ξ := {Ω1, . . . ,ΩM},

Find x ∈ Rn s.t . ρ(x) satisfying
(

1 + eβ(Hρ−µ)
)−1

(x) = ρ(x)

is the most likely cause of the data ξ.

▶ ρ(x): electron density
parameterized by x ∈ Rn

▶ Hρ: single-particle
Hamiltonian + effective
potential

▶ β, µ: physical constants
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X-FEL

Single-shot Femtosecond X-ray Imaging
Given a collection of measurements ξ := {Ω1, . . . ,ΩM},

(Pξ) minimize
x∈Ω0

M∑
j=1

− log
(
Pϕ(x)

(
Ωj
))

.

▶ ϕ : Rn → Rm : a smooth
model of a probability
distribution for the
electrons parameterized
by x ∈ Rn

▶ Ω0 ⊂ Rn: an abstract
constraint set
(self-consistent field or
simpler)
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X-FEL

Single-shot Femtosecond X-ray Imaging
Given a collection of measurements ξ := {Ω1, . . . ,ΩM},

(Pξ) minimize
x∈Ω0

M∑
j=1

− log
(
Pϕ(x)

(
Ωj
))

.

Ω
(k)
j (z) ∈ N is a photon count at z ∈ R3 and

Pϕ(x)

(
Ω

(k)
j

)
:=

∫
SO(3)

∏
z∈Supp (Ω

(k)
j )

ϕs(z; x)Ω
(k)
j (z) exp (−ϕs(z; x))

Ω
(k)
j (z)!

dµ(s) for

ϕs(z; x) :=

∣∣∣∣∣∣∣∣∣∣

F


N∑
i=1

σ ∗ exp
(
− 1

2∥ · −xi∥2) ◦ R(s)︸ ︷︷ ︸
ρs(·;x)


 (z)

∣∣∣∣∣∣∣∣∣∣

2

, x ∈ R3N
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X-FEL

Single-shot Femtosecond X-ray Imaging
For k = 1, 2, . . . do

1. Sample a collection of measurements ξk := {Ω(k)
1 , . . . ,Ω

(k)
M }.

2. Compute

Xk ∈ ϵ−argmin x∈Ω0


M∑

j=1

− log
(
Pϕ(x)

(
Ω

(k)
j

)) .

Xk is a random variable =⇒
convergence in distribution
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In Contrast: Orbital Tomography

Angle-Resolved Photon Emission Spectroscopy
Given {Ω1, . . . ,ΩM},

(P) minimize
x∈Ω0

M∑
j=1

− log
(
Pϕ(x)

(
Ωj
))

.

Ωj(z) >> 1 large photon count at z ∈ rS and known orientation s

Pϕ(x)
(
Ωj(z)

)
:= exp

(
−∥bj(z)− ϕ(z; x)∥2)

where bj(z) ∈ R+ is the measured intensity

ϕ(z; x) := |[F (ρ(·; x))] (z)|2 ,

=⇒ Phase retrieval: (P) minimize
x∈Ω0

∑M
j=1 ∥bj(z)− ϕ(z; x)∥2.
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Example: Orbital Tomography

Orbital Imaging [Dinh-Matthijs-L.-Bennecke-Mathias, 2024]

10 / 58



Example: Orbital Tomography
[Dinh-Matthijs-L.-Bennecke-Mathias, 2024,2025]

Cyclic Projections: xk+1 = PΩ0PΩ1 · · ·PΩM xk
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X-FEL

Key Differences to XFEL

▶ Acquisition time large
=⇒ M small (≈ 7)

▶ Voxel parameterization
ρ =⇒ slightly
over-parameterized

▶ Measurements
inconsistent with Ω0

▶ Acquisition time small =⇒
M big (≈ 107)

▶ Highly underparameterized
▶ Extremely low-count images:

10 − 100 photons per Ωj
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Summary

Main ideas:
▶ Stochastic iterations → Markov chains
▶ Regularity of mappings in application domain ↗ regularity of Markov

operators in probability spaces

Main contributions so far:
▶ Calculus of nonmonotone mappings in measure spaces
▶ Convergence with rates for noncontractive/expansive Markov chains

Challenges

▶ characterization of invariant measures
▶ monitoring convergence
▶ concentration estimates with rates (complexity)
▶ scale-aware efficiency

Outlook
▶ new algorithms and methods for MCMC, randomized algorithms for

large-scale optimization, Bayesian machine learning... 13 / 58
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Algorithms

Stochastic gradient descent [L.-Schultze-Grubmüller, 2024]
Initialization. Select X0 ∼ µ0 ∈ P(E), and (ξk )k∈N, an i.i.d.
sequence, where X0 and (ξk ) are independently distributed,
ξk :=

(
Ω

(k)
1 ,Ω

(k)
2 , . . . ,Ω

(k)
M

)
. Define

T GD
ξk

(x) :=

x − t
M∑

j=1

∇x

(
− log

(
Pϕ(x)

(
Ω

(k)
j

)))r

For k = 0,1, . . . do
1. Sample ξk

2. Compute Xk+1 = T GD
ξk

(Xk ).

The parameter t is the fixed step length, and r indicates doing r steps
of this operation
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Algorithms

Stochastic quasi-Newton [L.-Pinta, 2024]
Initialization. Select X0 ∼ µ0 ∈ P(E), and (ξk )k∈N, an i.i.d.
sequence, where X0 and (ξk ) are independently distributed,
ξk :=

(
Ω

(k)
1 ,Ω

(k)
2 , . . . ,Ω

(k)
M

)
. Define

T QN
ξk

(x) :=
r∏

i=1

x − Hi ◦
M∑

j=1

∇x

(
− log

(
Pϕ(x)

(
Ω

(k)
j

)))
For k = 0,1, . . . do

1. Sample ξk

2. Compute Xk+1 = T QN
ξk

(Xk ).

The parameter r still indicates doing r steps of this operation, while
Hi(x) is the Quasi-Newton update at the i th inner iteration.
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Algorithms

Remarks
▶ Pϕ(x)

(
Ω

(k)
j

)
is smooth, but nonconvex as a function of x

▶ ξk is a random variable
▶ =⇒ X k+1 is a random variable

=⇒

Algorithm 1 RFI: Random Function Iterations
Initialization: X 0 ∼ µ, ξk ∼ ξ iid

for k = 0,1,2, . . . do
X k+1 = Tξk X k

return {X k}k∈N

(joint work with Anja Sturm and Neal Hermer [2019, 2023a, 2023b])
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Random Function Iteration

Algorithm 2 RFI: Random Function Iterations
Initialization: X 0 ∼ µ, ξk ∼ ξ iid

for k = 0,1,2, . . . do
X k+1 = Tξk X k

return {X k}k∈N

RFI as a Markov Chain
X k+1 = Tξk X k (k ∈ N0) is a time homogeneous Markov chain with transition
kernel p:

(x ∈ E)(A ∈ B(E)) p(x ,A) := P(Tξx ∈ A)
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Markov Operators and the Stochastic Fixed Point
Problem

Markov operator P

▶ (dual) The Markov operator P : P(E) → P(E) acting on a measure
µ ∈ P(E) is defined via

(A ∈ B(E)) µP(A) :=
∫
E

p(x ,A)µ(dx).

Stochastic Feasibility
The fixed point approach:

Find X such that P(X = TξX ) = 1.

Generically, X does not exist =⇒ ill-posed.

=⇒

Stochastic Fixed Point Problem
Given a Markov operator P, Find µ ∈ invP := {µ | Pµ = µ} (= Fix P)
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Markov Operators and the Stochastic Fixed Point
Problem

X k+1 = Tξk X k ∼ µk+1

▶ The Markov operator P : P(E) → P(E) is defined by the transition
kernel p(x , ·) := P(Tξx ∈ ·) where Tξ : E → E is a randomly selected
mapping with certain nice properties.

▶ Convergence of the sequence of measures µk+1 = µkP depends on
properties of Tξ and

▶ is in the sense of distributions.
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Metrizing convergence

Prokhorov-Lèvy&Wasserstein distance
Let µ, ν ∈ P(E).

(i) The Prokhorov-Lèvy distance, denoted by dP , is defined by

dP(µ, ν) = inf {ϵ > 0 | µ(A) ≤ ν(B(A, ϵ)) + ϵ,

ν(A) ≤ µ(B(A, ϵ)) + ϵ

∀A ∈ B(E)} .

(ii) For p ≥ 1 let

Pp(E) =
{
µ ∈ P(E)

∣∣∣∣ ∃ x ∈ E :

∫
dp(x , y)µ(dy) <∞

}
.

The Wasserstein p-metric on Pp(E), denoted dWp , is defined by

dWp (µ, ν) :=

(
inf

γ∈C(µ,ν)

∫
E×E

dp(x , y)γ(dx , dy)
)1/p

(p ≥ 1)

where C(µ, ν) is the set of couplings of µ and ν (measures on the
product space E × E whose marginals are µ and ν respectively).
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Nonconvex Case

Almost α-firmly nonexpansive (aα-fne)
Tξ : E → E is almost α-firmly nonexpansive (aα-fne) with constant
α ∈ (0,1) and violation ϵ > 0 on D ⊂ E whenever

d(Tξx ,Tξy)2 ≤ (1 + ϵ)d(x , y)2 − 1 − αξ

αξ
d ((Id−Tξ) x , (Id−Tξ) y))2

∀x , y ∈ D ⊂ E .

Tξ is aα-fne in expectation with constant α ∈ (0,1):

Eξ

[
d2(Tξ(x),Tξ(y))

]
≤

(1 + ϵ)d2(x , y)− 1−α
α Eξ

[
d ((Id−Tξ) x , (Id−Tξ) y))2

]
,

∀x , y ∈ D ⊂ E .

Examples: projectors onto prox-regular sets, prox-mappings of
smooth functions, gradient descent steps for smooth functions,
proximal-gradient algorithms...
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Main Result: Nonconvex Case

Define Ψ : P(D) → R+ ∪ {+∞} by

Ψ(µ) := inf
π∈invP

inf
γ∈C∗(µ,π)

∫
D×D

Eξ

d ((Id−Tξ) x , (Id−Tξ) y))2︸ ︷︷ ︸
ψ(x,y,Tξx,Tξy)

γ(dx , dy)


1/2

Convergence rates [Hermer, L.& Sturm 2023b]
Suppose

(a) Tξ is almost α-fne in expectation with constant α ∈ (0, 1) on D ⊂ E :

Eξ
[
d2(Tξ(x),Tξ(y))

]
≤ (1 + ϵ)d2(x , y)− 1−α

α
Eξ

[
ψTξ

(x , y)
]
, ∀x , y ∈ D;

(b) Ψ is gauge metrically subregular with respect to dW2 for 0 on P2(D) with
gauge G1:

dW2 (µ, invP) ≤ G (Ψ(µ)) ∀µ ∈ P2(D).

1[Klatte&Kummer, Ioffe, Ngai& Théra, Dontchev&Rockafellar]
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Then,
for any µ0 ∈ P2(D) the distributions (µk ) of the iterates of Algorithm
RFI satisfy the error bound

dW2 (µk+1, invP) ≤ θα,ϵ (dW2 (µk , invP)) ∀k ∈ N (1)

where
θα,ϵ(t) =

(
(1 + ϵ)t2 − 1−α

α

(
G−1(t)

)2
)1/2

.

If, in addition, θ(k)α,ϵ(t) →
k

0 for all t small enough, then the sequence

converges in the Wasserstein metric with rate characterized by θα,ϵ.
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Main Result: Nonconvex Case

Linear case
Under the same assumptions as above if Ψ satisfies condition (b)
with gauge G(t) = κ · t and constant κ satisfying√

1 − α

α(1 + ϵ)
≤ κ <

√
1 − α

αϵ
,

then the sequence of iterates (µk ) converges R-linearly (O(1/δ)) to
some πµ0 ∈ invP ∩ P2(D):

dW2 (µk+1, invP) ≤ c dW2 (µk , invP) , where c :=
√

1 + ϵ−
( 1−α
κ2α

)
< 1.
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Proof sketch
Start with the inequality defining metric subregularity (b) and insert
the inequality (a) to get the error bound in the Wasserstein metric. To
get convergence of µk to a measure πµ0 ∈ invP, show that it is a
Cauchy sequence. 2
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Convex Case

(α-firmly) nonexpansive
Tξ is nonexpansive whenever

dist(Tξx ,Tξy)2 ≤ dist(x , y)2 ∀x , y ∈ E .

Tξ is α-firmly nonexpansive with constant αξ ≤ α ∈ (0,1) whenever

dist(Tξx ,Tξy)2 ≤ dist(x , y)2−1 − αξ

αξ
dist ((Id−Tξ)x , (Id−Tξ)y)

2 ∀x , y ∈ E .

Examples: gradient descents of convex functions, projectors onto
convex sets, prox-mappings of convex functions, convex projection
algorithms, convex Douglas-Rachford...
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Randomization→ weaker requirements for good
behavior

Global Convergence in E [Hermer-L.-Sturm, 2023a]
▶ 2 Let Tξ : E → E be nonexpansive and assume invP ̸= ∅. Let

µ ∈ P(E) and νk = 1
k

∑k
j=1 µP j , then this sequence converges in

the Prokhorov-Lèvy metric to an invariant probability measure for
P, i.e. νk → πµ ∈ invP.

▶ 3 If Tξ is α-firmly nonexpansive and invP ≠ ∅, then
µk → πµ ∈ invP in the Prokhorov-Lèvy metric.

Example
SGD for any smooth convex function and any fixed stepsize t < 1/L
initialized from any starting point converges in distribution with
respect to the Prokhorov-Lèvy metric.

2This is the only convergence result we know of for nonexpansive mappings!
3The only result we know of where Tξ don’t have common fixed points.
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Nonconvex Case: XFEL

Single-shot Femtosecond X-ray Imaging
Given a collection of measurements ξ := {Ω1, . . . ,ΩM},

(Pξ) minimize
x∈Ω0

M∑
j=1

− log
(
Pϕ(x)

(
Ωj
))

.

Ω
(k)
j (z) ∈ N is a photon count at z ∈ R3 and

Pϕ(x)

(
Ω

(k)
j

)
:=

∫
SO(3)

∏
z∈Supp (Ω

(k)
j )

ϕs(z; x)Ω
(k)
j (z) exp (−ϕs(z; x))

Ω
(k)
j (z)!

dµ(s) for

ϕs(z; x) :=

∣∣∣∣∣∣∣∣∣∣

F


N∑
i=1

σ ∗ exp
(
− 1

2∥ · −xi∥2) ◦ R(s)︸ ︷︷ ︸
ρs(·;x)


 (z)

∣∣∣∣∣∣∣∣∣∣

2

, x ∈ R3N
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Nonconvex Case: XFEL

Recall:

Stochastic gradient descent/quasi-Newton (XFEL)
Initialization. Select X0 ∼ µ0 ∈ P(Rn), and (ξk )k∈N, an i.i.d.
sequence, where X0 and (ξk ) are independently distributed. Define

T GD
ξk

(x) :=

x − t
M∑

j=1

∇x

(
− log

(
Pϕ(x)

(
Ω

(k)
j

)))r

or

T QN
ξk

(x) :=
r∏

i=1

x − Hi ◦
M∑

j=1

∇x

(
− log

(
Pϕ(x)

(
Ω

(k)
j

)))
For k = 0,1, . . . do

1. Sample ξk

2. Compute Xk+1 = Tξk (Xk ).
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XFEL

Stochastic gradient descent/quasi-Newton (XFEL)
Define

T GD
ξk

(x) :=

PΩ0 ◦

x − t
M∑

j=1

∇x

(
− log

(
Pϕ(x)

(
Ω

(k)
j

)))r

or

T QN
ξk

(x) :=
r∏

i=1

x − Hi ◦
M∑

j=1

∇x

(
− log

(
Pϕ(x)

(
Ω

(k)
j

)))
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XFEL

The Quasi-Newton Update

T QN
ξk

(x) :=
r∏

i=1

T inner
ξk

(xi ,Hi)

T inner
ξk

(x ,H) =


x − H ◦

∑M
j=1 ∇x

(
− log

(
Pϕ(x)

(
Ω

(k)
j

)))
(

I − syT

yT s

)
H
(

I − ysT

sT y

)
+

ssT

yT s︸ ︷︷ ︸
U(H)


where

H0 = I, x+ = x − H ◦
M∑

j=1

∇x

(
− log

(
Pϕ(x)

(
Ω

(k)
j

)))
,

s = x+ − x , y = ∇x

(
− log

(
Pϕ(x+)

(
Ω

(k)
j

)))
−∇x

(
− log

(
Pϕ(x)

(
Ω

(k)
j

)))
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Gradient descent

Steepest descent mappings are aα-fne
Let g : Rn → R be continuously differentiable with locally Lipschitz,
hypomonotone gradient, that is g satisfies

∃L > 0 : ∥∇g(x)−∇g(y)∥2 ≤ L2∥x − y∥2 ∀x , y ∈ D ⊂ Rn,

and

∃τ ≥ 0 : −τ ∥x − y∥2 ≤ ⟨∇g(x)−∇g(y), x − y⟩ ∀x , y ∈ D.

Then TGD := Id−t∇g is aα-fne on D with violation at most

ϵGD =
{

2tτ + t2L2

α

}
< 1, with constant α

whenever the steps t satisfy

t ∈

(
0,

α
√
τ2 + L2 − ατ

L2

)
.
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Newton-like operators

Quasi Newton mappings are aα-fne
Let g : Rn → R be continuously differentiable with locally Lipschitz,
hypomonotone gradient, that is g satisfies

∃L > 0 : ∥∇g(x)−∇g(y)∥2 ≤ L2∥x − y∥2 ∀x , y ∈ D ⊂ Rn,

and

∃τ ≥ 0 : −τ ∥x − y∥2 ≤ ⟨∇g(x)−∇g(y), x − y⟩ ∀x , y ∈ D.

Then TQN := Id−H∇g is aα-fne on D with violation at most

ϵQN =
{

2∥H∥τ + ∥H∥2L2

α

}
< 1, with constant α

whenever

∥H∥ ∈

(
0,

α
√
τ2 + L2 − ατ

L2

)
.
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Main Result: Nonconvex Case

Recall

Ψ(µ) := inf
π∈invP

inf
γ∈C∗(µ,π)

∫
D×D

Eξ

d ((Id−Tξ) x , (Id−Tξ) y))2︸ ︷︷ ︸
ψTξ

(x,y)

γ(dx , dy)


1/2

Convergence rates [Hermer, L.& Sturm 2023b]
Suppose

(a) Tξ is almost α-fne in expectation with constant α ∈ (0, 1) on D ⊂ E :

Eξ
[
d2(Tξ(x),Tξ(y))

]
≤ (1 + ϵ)d2(x , y)− 1−α

α
Eξ

[
ψTξ

(x , y)
]
, ∀x , y ∈ D;

(b) Ψ is gauge metrically subregular with respect to dW2 for 0 on P2(D) with
gauge G:

dW2 (µ, invP) ≤ G (Ψ(µ)) ∀µ ∈ P2(D).
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Back to XFEL

Stochastic gradient descent/Quasi-Newton (XFEL)
The update function

T GD
ξk

(x) :=

x − t
M∑

j=1

∇x

(
− log

(
Pϕ(x)

(
Ω

(k)
j

)))r

or

T QN
ξk

(x) :=
r∏

i=1

x − Hi ◦
M∑

j=1

∇x

(
− log

(
Pϕ(x)

(
Ω

(k)
j

)))
is aα-fne with constant αGD or αQN and violation ϵGD or ϵQN for fixed

step-lengths/Hessian approximations t or ∥H∥ ∈
(

0, α∗
√

τ2+L2−α∗τ

2L2

)
and inner iterations r .
=⇒ we can verify condition (a) of the general convergence theorem.
Metric subregularity, condition (b), is hard to verify, but was shown to
be necessary for quantitative estimates [L.-Teboulle-Thao, 2020].
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X-FEL

Single-shot Femtosecond X-ray Imaging
Given a collection of measurements ξ := {Ω1, . . . ,ΩM},

(Pξ) minimize
x∈Ω0=Rn

M∑
j=1

− log
(
Pϕ(x)

(
Ωj
))

.
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Algorithms: Stochastic Gradient Descent

Recall:

SGD for XFEL
Initialization. Select X0 ∼ µ0 ∈ P(Rn), and (ξk )k∈N, an i.i.d.
sequence, where X0 and (ξk ) are independently distributed. Define

Tξk (x) :=

x − t
M∑

j=1

∇x

(
− log

(
Pϕ(x)

(
Ω

(k)
j

)))r

For k = 0,1, . . . do
1. Sample ξk

2. Compute Xk+1 = Tξk (Xk ).
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Results

(a) (b) (c)

(*) (d) (e)

Figure: Random recovery of (*) starting from (a). Algorithm RFI for r = 10
and t = 0.1. Images are sampled with |Ii | = M for (b) M = 100, (c) M = 500,
(d) M = 1000, and (e) M = 5000. Shown are the computed average electron
densities at iteration k = 5000.
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Challenges

Monitoring
▶ Theorem: if metric subregularity holds, the sequence of

measures converges in the Wasserstein metric with rate
characterized by θα,ϵ. If convergence is Q-linear, convergence
can be estimated by monitoring dWp(µk+1, µk ).

▶

dWp(µ, ν) :=

(
inf

γ∈C(µ,ν)

∫
E×E

dp(x , y)γ(dx ,dy)
)1/p

(p ≥ 1)

where C(µ, ν) is the set of couplings of µ and ν. How to
calculate/estimate this?
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SGD for XFEL

(a) (b)

Figure: Convergence behavior of the mean (a) and variance (b) of the
iterates. Algorithm RFI for r = 10 and t = 0.1. Images are sampled with
|Ii | = M for M = 100, 500, 1000, and 5000.

Compute times for the first 1000 outer iterations with 10 inner iterations:

▶ M = 100: 88s
▶ M = 500: 107s
▶ M = 1000: 139s
▶ M = 5000: 418s

Deterministic
M = 10, 000, no sampling: 494s
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Stochastic Gradient Descent-Stochastic
Quasi-Newton

Recall

T QN
ξk

(x) :=
r∏

i=1

x − Hi ◦
M∑

j=1

∇x

(
− log

(
Pϕ(x)

(
Ω

(k)
j

)))
For k = 0,1, . . . do

1. Sample ξk
2. Compute Xk+1 = Tξk (Xk ).

Figure:
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Stochastic Gradient Descent-Stochastic
Quasi-Newton

Recall

T QN
ξk

(x) :=
r∏

i=1

x − Hi ◦
M∑

j=1

∇x

(
− log

(
Pϕ(x)

(
Ω

(k)
j

)))
For k = 0,1, . . . do

1. Sample ξk

2. Compute
Xk+1 = Tξk (Xk ) ∈ argmin x∈Ω0

{∑M
j=1 − log

(
Pϕ(x)

(
Ω

(k)
j

))}
+ ϵB.

▶ Opens up a new analytic strategy: convergence of random
sampling (well-established).

▶ Challenge: what are the analytic properties of the critical point
mapping of the log-likelihood function?
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SGD for XFEL: big molecules [Schultz,L.
Grubmüller 2025]

▶ Crambin: n = 1000, M = 107

▶ PDZ: n = 2400, M = 106

▶ Lysozyme: n = 3900, M − 106
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Summary

Main ideas:
▶ Stochastic iterations → Markov chains
▶ Regularity of mappings in application domain ↗ regularity of Markov

operators in probability spaces

Main contributions so far:
▶ Calculus of nonmonotone mappings in measure spaces
▶ Convergence with rates for noncontractive/expansive Markov chains

Challenges

▶ characterization of invariant measures
▶ efficient computation/approximation of Wasserstein metrics
▶ variational analysis on probability measure spaces
▶ concentration estimates with rates (complexity)

Outlook
▶ new algorithms and methods for MCMC, randomized algorithms for

large-scale optimization, Bayesian machine learning... 47 / 58
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ProxToolbox

https://num.math.uni-goettingen.de/proxtoolbox/
https://gitlab.gwdg.de/nam/ProxPython
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Examples

Deterministic consistent feasibility
Given {Ω1,Ω2, . . . ,ΩM} closed and convex with Ω := ∩jΩj ̸= ∅.
Starting from X0 = δ(x − x0) for x0 ∈ E , generate

Xk+1 = PΩ1PΩ2 · · ·PΩM Xk

Here the RFI yields a sequence of point masses. The invariant
measures are point masses supported on Ω

invP ∋ δ(x − wx0) where wx0 ∈ Ω.
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Examples

Stochastic inconsistent feasibility
Given {Ω1,Ω2} closed with Ω1 ∩ Ω2 = ∅ and X0 := δ(x − x0). For
ξk ∼ ξ with P(ξ = 1) = 1/2 and P(ξ = 2) = 1/2 generate

Xk+1 = PΩξk
Xk

Here the RFI yields a sequence of averages of averaged point
masses. The invariant measures, when these exist, are

invP ∋ 1
2
δ
(
· − wx0

1

)
+

1
2
δ
(
· − wx0

2

)
where wx0

1 ∈ PΩ1w
x0
2 , wx0

2 ∈ PΩ2w
x0
1

(wx0
1 ,wx0

2 ) is a best approximation pair.
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Low-Lying Fruit

Stochastic inconsistent feasibility:
Given {Ω1,Ω2, . . . ,ΩM} closed, convex and Ω1 compact with
∩M

j=1Ωj = ∅ and X0 := δ(x − x0). For ξk ∼ ξ with P(ξ = j) = 1/M
(j = 1,2, . . . ,M) generate

Xk+1 = PΩξk
Xk

▶ Prove that invP is nonempty (done, more or less).
▶ Prove that µPk → π ∈ invP in an appropriate metric (done).

The following issues are open:
▶ Characterize invP.
▶ Characterize the rate of asymptotic regularity: i.e. at what rate

does distW2

(
µPk+1, µPk

)
→ 0?

▶ Characterize the rate of convergence: i.e. at what rate does
distW2

(
invP, µPk

)
→ 0?
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