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Outline

Most machine learning (ML) algorithms use 1st order optimization like (stochastic) gradient descent 

That’s generally a good idea! But in some cases, 0th and 2nd order methods make sense 

Learning objectives of this talk 

0th order optimization / “derivative-free optimization” 

Introduce a class of 0th order optimization methods 

Argue that stepsize selection is a key issue 

Show some ML examples where these methods make sense 

2nd order optimization 

Introduce a variant of Newton’s method 

Demonstrate why non-convexity has to be taken more seriously 

Argue that linear algebra is a key issue 
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Part 0: 0th order methods / derivative-free optimization

where we do not have access to 
<latexit sha1_base64="7YwsHXv1vaBNoB/ESRNfS6fOPmE="></latexit>

→f(x)

Traditional applications: PDE constrained optimization, when the adjoint state method or automatic differentiation is inapplicable 

  - e.g., multiphysics codes with complicated adjoints (and hard to code in HPC); memory issues in AD for time-dependent problems, etc. 

Machine learning applications 

  - hyper parameter tuning 

  - black-box attacks, e.g., adversarial attacks on a model (attacker doesn’t have access to source code) 

Recent theme of my work: exploit multi-fidelity models 

  - in applied math, for PDE simulations, we often have several physics based models (with different approximations), different 

discretizations, different numerical precisions, reduced-order models, etc. 

  - machine learning also has examples of multi-fidelity models

<latexit sha1_base64="7ZmUyTH4lw4SpDifxFCtOKpMDww="></latexit>

min
x∈Rd

f(x)
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Context

A guiding principle:  

the time spent in the optimization method (creating and solving surrogate models) 

   should equal 

the time spent in the function evaluation (e.g., solving the PDE, training neural net…) 

… hence, the best method to use depends a lot on the problem.

Local methods

Global / model-based methods

Misc. / heuristics

“zeroth order”:                approximate           (e.g., w/ finite differences) 

stochastic zeroth order:     approximate g such that  

polling methods:              Nelder-Mead, coordinate descent, etc.

<latexit sha1_base64="7YwsHXv1vaBNoB/ESRNfS6fOPmE="></latexit>

→f(x)

<latexit sha1_base64="tIJhNWzpdskpK7he0Tf0QVCMzkY="></latexit>

E[g] = →f(x)

genetic algorithms, particle swarm, 

CMA-ES, simulated annealing, etc.

polynomial model, minimize with a trust-region (“DFO-TR”) 

Gaussian process model, use acquisition function to tradeoff exploration 

and exploitation (Bayesian Optimization”)

High dimensions, 

low accuracy

Low dimensions, 

high accuracy

today’s talk

see our new paper “A Unified Framework for Entropy Search and 

Expected Improvement in Bayesian Optimization”, N. Cheng et al. ICML ‘25
<latexit sha1_base64="oF9KaNDVqFWTq+TP2wtEbE+DfVo="></latexit>

xk+1
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A stochastic zeroth-order method: SSD
<latexit sha1_base64="Ku0Z9fHLspzDlFNpTfWWXMnFAMY="></latexit>

qq
→
→f(x) =

(

lim
h↑0

f(x+ hq)↑ f(x)

h

)

qAssume we can compute/approximate e.g., finite differences, or forward-mode AutoDiff

<latexit sha1_base64="dpr7KM9EABpJP9BRbfwQRqiP7nA="></latexit>

QQ→
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ω∑

i=1

qiq
→

i
→f(x)

<latexit sha1_base64="BtlYUkClaS71jk41ap95ew/2zJI="></latexit>

Q = [q1, . . . , qω]
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Q→Q = Iω↑ω, E

(

d

ω
QQ→

)

= Id↑d
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Algorithm: stochastic subspace descent (SSD) 

Repeat: 

Draw a Q 
<latexit sha1_base64="y/Ap9yIpUlHYGrgLhQOOG/aCwyc="></latexit>

x → x↑ ω
d

ε
QQ→

↓f(X)

stepsize

It’s a type of “stochastic gradient method” (direction is unbiased) 

but has much stronger guarantees due to its structure 

e.g., the direction is descent direction with prob. 1 if Q is continuous

Even better, average a few copies to reduce variance

directional derivative, “two-point” estimator in ZO literature

<latexit sha1_base64="jePgeOwxIujUF22n9GlOU8qsKhU="></latexit>

q
→
→f(x) =

d

dt
ϕ(t)

∣

∣

∣

∣

t=0

<latexit sha1_base64="WgKweQf8dxWEHHPDD1eqU/jMJWQ="></latexit>

ϕ(t) = f(x+ tq)where
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stepsize

It’s a type of “stochastic gradient method” (direction is unbiased) 

but has much stronger guarantees due to its structure 

e.g., the direction is descent direction with prob. 1 if Q is continuous

Even better, average a few copies to reduce variance

columns not independent!
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O(ω)oracle calls

Important: draw new (independent) Q every iteration
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Algorithm 1 Stochastic Subspace Descent (SSD)

Require: ⌘ . Stepsize
Require: x0 2 R

d . Initial point
1: for k = 0, 1, 2, . . . do
2: Choose subspace Vk of dimension `  d

3: gk  projVk
(rf(xk)) . Project onto subspace

4: xk+1  xk � ⌘gk

5: end for

Equivalent formulation… and why we call it “SSD”

Columns of Q form a basis for 
<latexit sha1_base64="9qv9WJiOxna5vAh9a9FcMPYBH9I="></latexit>

V

Even better, average a few copies to reduce variance
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SSD: context
Variants have been investigated for a long time… 

‣ “random gradient”, “random pursuit”,  

“directional search”, “random search” 
‣ ch 6, Yu. Ermoliev and R.J.-B. Wets, Numerical techniques for stochastic 

optimization, Springer-Verlag, 1988.  

‣ M. Gaviano, Some general results on convergence of random search algorithms in 

minimization problems, Towards Global Optimisation, 1975. 

‣ F.J. Solis and R. J-B. Wets, Minimization by random search techniques, Math. of 

Operations Research 6 (1981), no. 1, 19–30.  (no rate) 

‣ Matyas 1965, Polyak 1987

much recent work on variants, 2011—2020 [and more since then!] 
‣ D. Leventhal and A.S. Lewis, Randomized Hessian estimation and directional search, Optimization (2011) 

‣ S. U. Stich, C. Muller, and B. Gartner, Optimization of convex functions with random pursuit, SIAM J. Opt. (2013) 

‣ Yu. Nesterov, Random gradient-free minimization of convex functions, ’11 / Yu. Nesterov and V. Spokoiny, FoCM 2017 

‣ P. Dvurechensky, A. Gasnikov, and A. Tiurin, Randomized similar triangles method: A unifying framework for accelerated 

randomized optimization methods (coordinate descent, directional search, derivative-free method), arXiv:1707.08486  

‣ P. Dvurechensky, A. Gasnikov, and E. Gorbunov, An accelerated directional derivative method for smooth stochastic convex 

optimization; arXiv:1804.02394  

‣ S. Ghadimi and G. Lan, Stochastic first- and zeroth-order methods for nonconvex stochastic programming, SIAM J. Opt. 

(2013) 

‣ R. Chen and S. Wild, Randomized derivative-free optimization of noisy convex functions, arXiv:1507.03332 (2015).  

‣ K. Choromanski, M. Rowland, V. Sindhwani, R. E. Turner, and A. Weller, Structured evolution with compact architectures for 

scalable policy optimization, ICML, 2018.  

‣ T. Salimans, J. Ho, X. Chen, S. Sidor, and I. Sutskever, Evolution strategies as a scalable alternative to reinforcement learning, 

arXiv:1703.03864 (2017).  

‣ J. Duchi, M. Jordan, M. Wainwright, A. Wibisono, Optimal Rates for Zero-Order Convex Optimization: The Power of Two 

Function Evaluations, IEEE Trans Info Theory (2015) 

‣ A. S. Berahas, L. Cao, K. Choromanski, K. Scheinberg, A Theoretical and Empirical Comparison of Gradient Approximations 

in Derivative-Free Optimization, arXiv 1905.01332 (2019) 

‣ F. Hanzely, K. Mishchenko, P. Richtarik, SEGA: Variance Reduction via Gradient Sketching, NeurIPS 2018 

‣ cousin of “direct search” methods, cf. S. Gratton, C. W. Royer, L. N. Vicente, Z. Zhang, Direct Search Based on Probabilistic 

Descent, SIAM J. Opt. (2015) 

For recent results (2015-2025) on zeroth-order ML, see: 
‣ “Zeroth-order Machine Learning” AAAI tutorial 2024 

‣ Wotao Yin, Sijia Liu, Pin-Yu Chen 

‣ https://sites.google.com/view/zo-tutorial-aaai-2024/

Most literature focuses on  

How is q typically chosen? 

  - spherical (or Gaussian, scaled appropriately) 

or 

  - canonical basis vector,  

(hence SSD reduces to randomized coordinate descent)

<latexit sha1_base64="UNG3UhaAGF29q0Gr3xc828C9pOU="></latexit>

q ∼ uniform[e1, . . . , ed]

<latexit sha1_base64="oNgCMbQT1DdzZpXTTqAaF4wkop0="></latexit>

ω = 1

<latexit sha1_base64="3OI14liSha0f8+Tz/tNAesHiv5o="></latexit>

→q→2 = 1
<latexit sha1_base64="/N+ffdQA+R+3tmytwFjsKw7oFTM="></latexit>

E[qq→] =
1

d
Id↑d
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or 

  - canonical basis vector,  

(hence SSD reduces to randomized coordinate descent)

<latexit sha1_base64="UNG3UhaAGF29q0Gr3xc828C9pOU="></latexit>

q ∼ uniform[e1, . . . , ed]

<latexit sha1_base64="oNgCMbQT1DdzZpXTTqAaF4wkop0="></latexit>

ω = 1

<latexit sha1_base64="3OI14liSha0f8+Tz/tNAesHiv5o="></latexit>

→q→2 = 1
<latexit sha1_base64="/N+ffdQA+R+3tmytwFjsKw7oFTM="></latexit>

E[qq→] =
1

d
Id↑d
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SSD: context
Variants have been investigated for a long time… 

‣ “random gradient”, “random pursuit”,  

“directional search”, “random search” 
‣ ch 6, Yu. Ermoliev and R.J.-B. Wets, Numerical techniques for stochastic 

optimization, Springer-Verlag, 1988.  

‣ M. Gaviano, Some general results on convergence of random search algorithms in 

minimization problems, Towards Global Optimisation, 1975. 

‣ F.J. Solis and R. J-B. Wets, Minimization by random search techniques, Math. of 

Operations Research 6 (1981), no. 1, 19–30.  (no rate) 

‣ Matyas 1965, Polyak 1987

much recent work on variants, 2011—2020 [and more since then!] 
‣ D. Leventhal and A.S. Lewis, Randomized Hessian estimation and directional search, Optimization (2011) 

‣ S. U. Stich, C. Muller, and B. Gartner, Optimization of convex functions with random pursuit, SIAM J. Opt. (2013) 

‣ Yu. Nesterov, Random gradient-free minimization of convex functions, ’11 / Yu. Nesterov and V. Spokoiny, FoCM 2017 

‣ P. Dvurechensky, A. Gasnikov, and A. Tiurin, Randomized similar triangles method: A unifying framework for accelerated 

randomized optimization methods (coordinate descent, directional search, derivative-free method), arXiv:1707.08486  

‣ P. Dvurechensky, A. Gasnikov, and E. Gorbunov, An accelerated directional derivative method for smooth stochastic convex 

optimization; arXiv:1804.02394  

‣ S. Ghadimi and G. Lan, Stochastic first- and zeroth-order methods for nonconvex stochastic programming, SIAM J. Opt. 

(2013) 

‣ R. Chen and S. Wild, Randomized derivative-free optimization of noisy convex functions, arXiv:1507.03332 (2015).  

‣ K. Choromanski, M. Rowland, V. Sindhwani, R. E. Turner, and A. Weller, Structured evolution with compact architectures for 

scalable policy optimization, ICML, 2018.  

‣ T. Salimans, J. Ho, X. Chen, S. Sidor, and I. Sutskever, Evolution strategies as a scalable alternative to reinforcement learning, 

arXiv:1703.03864 (2017).  

‣ J. Duchi, M. Jordan, M. Wainwright, A. Wibisono, Optimal Rates for Zero-Order Convex Optimization: The Power of Two 

Function Evaluations, IEEE Trans Info Theory (2015) 

‣ A. S. Berahas, L. Cao, K. Choromanski, K. Scheinberg, A Theoretical and Empirical Comparison of Gradient Approximations 

in Derivative-Free Optimization, arXiv 1905.01332 (2019) 

‣ F. Hanzely, K. Mishchenko, P. Richtarik, SEGA: Variance Reduction via Gradient Sketching, NeurIPS 2018 

‣ cousin of “direct search” methods, cf. S. Gratton, C. W. Royer, L. N. Vicente, Z. Zhang, Direct Search Based on Probabilistic 

Descent, SIAM J. Opt. (2015) 

For recent results (2015-2025) on zeroth-order ML, see: 
‣ “Zeroth-order Machine Learning” AAAI tutorial 2024 

‣ Wotao Yin, Sijia Liu, Pin-Yu Chen 

‣ https://sites.google.com/view/zo-tutorial-aaai-2024/

Most literature focuses on  

How is q typically chosen? 

  - spherical (or Gaussian, scaled appropriately) 

or 

  - canonical basis vector,  

(hence SSD reduces to randomized coordinate descent)
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q ∼ uniform[e1, . . . , ed]
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ω = 1
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→q→2 = 1
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E[qq→] =
1

d
Id↑d

Algorithm “Stochastic Subspace Descent” (SSD)

1: for k = 1, 2, . . . do
2: Draw Q ≥ Haar(d ◊ ¸)
3: xk+1 Ω xk ≠ ÷k

d
¸
QQT Òf(xk)

Algo. 0 is not novel, but has not been thoroughly investigated.

Q = [q1, q2, . . . , q`] ∼ Haar(d× `)
<latexit sha1_base64="83P2RdJ0PBzulgF0OLD2a/OIKw8="></latexit>

Most work has focused on a single directional derivative,  

… but the optimal choice may be 
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100 dimensional quadratic 

test problem, using 

exact linesearch, averaged 

over 200 experiments

1 < ` < d
<latexit sha1_base64="x9oMO1BGNeVt1IRL/7M/gaFrC0w="></latexit>

` = d
<latexit sha1_base64="2LGT7JjxlJWJGEqwS/mrnNojg8k="></latexit>

        is gradient descent, 

and non-stochasticsweet spot

Fewer iterations, 

but each one costly
More iterations, 

each one cheap

<latexit sha1_base64="pS5GR/elEt9jYZ0aYAPzGercL4Q="></latexit>

ω = 1



Stephen Becker (CU) 0th, 1st and 2nd order optimization methods for learning problems CRM Workshop: Optimization and learning: theory and applications 2025 

Our first analysis

and

ambient dimension 

# directional derivs

Generic SSD

<latexit sha1_base64="2Xs3AP7fUyVWZxBEt7I0+EVWyco="></latexit>

d

ω
= 1 is gradient descent

<latexit sha1_base64="5U3oj8dkpEYEJ2LwaH2wqGjYdRI="></latexit>

ω = 1−
µ

L

ε

d

<latexit sha1_base64="ZJAwKoNCulunuSbqMZ2YcFpySuM="></latexit>

fω def

= min
x

f(x)

<latexit sha1_base64="aNGawJYSmgg2ML/edDPinKyP68w="></latexit>

d =

<latexit sha1_base64="ahIHiGm5UXdpyR0eMQ6jeYxNqE0="></latexit>

ω =

<latexit sha1_base64="tH6ErjQNRtBz842ogRTcTEit9co="></latexit>

µ is PL constant

L is gradient Lipschitz constant
<latexit sha1_base64="p8zmuMZh/1fZsfHOer/nF1u9pYs="></latexit>

ω =
ε

d

1

L
is stepsize

<latexit sha1_base64="TuJZOfpOEn7B8VNi6rmbhRd4hEQ="></latexit>

Q→Q = Iω↑ω, E

(

d

ω
QQ→

)

= Id↑d

Theorem (Kozak, Becker, Tenorio, Doostan ’20) 

Assume: minimizer attained, gradient Lipschitz, stepsize    chosen appropriately. 

1. If f is convex, 

 

2. If f is not necessarily convex but satisfies the Polyak-Lojasiewicz inequality, 

 

3. If f is strongly convex, statements of 2 above hold, and also 

 

4. If f is not convex (nor PL),

<latexit sha1_base64="X2pOJ5Gdf6jEbkCmM7GIZ+rNKys="></latexit>

ηk

<latexit sha1_base64="0pENlyZnlz6XIxFei481CxDEQMo="></latexit>

Ef(xk)− fω
≤ 2

d

ω

L

k
R2 = O(k−1)

<latexit sha1_base64="dfobwmRDjZ7FdBLhB6bHWkmTv3g="></latexit>

Ef(xk)− fω
≤ ρ

k(f(x0)− fω) = O(ρk)
<latexit sha1_base64="9V7/P39AUwj4mevzICn989MVVxs="></latexit>

f(xk)
a.s.

−→ fω

<latexit sha1_base64="ll8e/vYzcW7hca+CA8HjtW+yj5w="></latexit>

xk

a.s.

−→ argmin
x
f(x)

<latexit sha1_base64="ykZeHaUuHxFMswfdTFuRaILuFgM="></latexit>

min
k→∈{0,...,k}

E→↑f(xk→)→2 ↓
d

ω

2L(f(x0)↔ fω)

k + 1

David Kozak
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Our first analysis

Assume f obtains its minimum and Òf is L-Lipschitz continuous.

Theorem 1 (Kozak, Becker, Tenorio, Doostan ’19, Thm. 2.4). The SSD algorithm with stepsize
÷ = 1

L
¸

d
gives

E f(xk) ≠ fı Æ 2
d

¸

L

k
R2

where
R = sup

x|f(x)≤f(x0)
inf

xı∈argmin f
Îx ≠ x∗Î

(e.g., f is coercive =∆ R < Œ).

Theorem 2 (Nesterov, Spokoiny ’17, Thm. 8). Take stepsize ÷ = 1
4(d+4)L , then the random gradient

method with a Gaussian direction converges as

1

k

k−1
ÿ

i=0

E f(xi) ≠ fı Æ
4(d + 4)L

k
Îx0 ≠ xıÎ2

where xı is any optimal solution.

Gaussian

convex, not necessarily strongly convex, scenario

SSD

<latexit sha1_base64="pS5GR/elEt9jYZ0aYAPzGercL4Q="></latexit>

ω = 1

<latexit sha1_base64="Afx3LRAto3lN2hux/g/yPWDFP3U="></latexit>

1 ≤ ω ≤ d

Our analysis is comparable to analysis of similar algorithms
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Our first analysis

Gaussian

SSD

<latexit sha1_base64="pS5GR/elEt9jYZ0aYAPzGercL4Q="></latexit>

ω = 1

<latexit sha1_base64="Afx3LRAto3lN2hux/g/yPWDFP3U="></latexit>

1 ≤ ω ≤ d

Our analysis is comparable to analysis of similar algorithms

Assume f obtains its minimum, Òf is L-Lipschitz continuous, and f is µ PL or strongly convex.

Theorem 3 (Kozak, Becker, Tenorio, Doostan ’19, Cor. 2.3). The SSD algorithm with stepsize
÷ = 1

L
¸

d
gives

E f(xk) ≠ fı Æ flk (f(x0) ≠ fı) with fl = 1 ≠
µ

L

¸

d
.

Theorem 4 (Nesterov, Spokoiny ’17, Thm. 8). Take stepsize ÷ = 1
4(d+4)L , then the random gradient

method with a Gaussian direction converges as

E f(xk) ≠ fı Æ
L

2
flkÎx0 ≠ x∗Î2 with fl = 1 ≠

µ

L

1

8(d + 4)

where xı is any optimal solution.

strongly convex or PL scenario
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Algorithm: “Haar” SSD 

Draw the random matrix Q as follows: 

                       a basis for  

       (or any uniformly random subspace) 

Equivalently, draw from the Haar distribution

… but that theory doesn’t capture the full story

Observation: sometimes SSD (with Haar) drastically 

outperforms randomized coordinate descent (CD) 

Both of them are valid instantiations of SSD 

So, the details of Q matter!

Function Evaluations

O
b
je

ct
iv

e 
F
u
n
ct

io
n

Haar

coordinate descent

<latexit sha1_base64="xC2rwUvJ16t1EBj3ogfG9F2KDmU="></latexit>

span {q̃1, . . . , q̃ω}
<latexit sha1_base64="5jQ4brCym6XBqmRNIiIQFElkv9A="></latexit>

{q1, . . . , qω}
<latexit sha1_base64="2YufiNcI8LyJPPN/cc1X4R+79Mg="></latexit>

q̃i
iid
∼ N (0, I)

<latexit sha1_base64="AFAnuIm8EeoDgMZnlpcJnhUTC9s="></latexit>

Q→Q = Iω↑ω, E

(

d

ω
QQ→

)

= Id↑d

Satisfies 

but goes even further.
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SSD drastically outperforms 

randomized coordinate descent (CD)

We can force it to happen by making a 

problem with low “intrinsic” dimension, e.g., 

Nesterov’s “worst function in the world”

This has intrinsic dimension of r

fi
xe

d
 s

te
p
si
ze

dimension 100 dimension 1,000 dimension 10,000

new method new method

new method

coordinate descent

coordinate descent

coordinate descent

<latexit sha1_base64="vJHGR44kdL4MJpAMHtVRqpuVkZQ="></latexit>

r = 20, ω = 3

<latexit sha1_base64="w0fry82fbtAa1fGioD6iiX9mGs0="></latexit>

fλ,r(x) = λ((x2
1 +

r−1∑

i=1

(xi − xi+1)
2
+ x2

r)/2− x1)/4,

… but that theory doesn’t capture the full story
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Improved theory (specialized to SSD-Haar)

Tighter analysis using concentration-of-measure:

Lemma 2 (Johnson-Lindenstrauss style embedding, from Kozak, Becker, Tenorio ’19, Lemma 1).
’‘ œ (0, 1), if ¸ & ‘−2, Q ≥ Haar(d ◊ ¸), then ’0 ”= g œ R

d,

1 ≠ ‘ Æ
d

¸

ÎQT gÎ2

ÎgÎ2
Æ 1 + ‘ w/ prob. ” Ø 0.8 Note: coordinate descent style projections 

do not have similar nice embedding properties

` =
<latexit sha1_base64="a/U5/ICLxKJE8SJl0e6XXM6MREQ="></latexit>

d =
<latexit sha1_base64="RUWqc9oHDgW65eODc/ecX4kDQFA="></latexit>

Recall…

ambient dimension 

# directional derivs
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Improved theory (specialized to SSD-Haar)

Tighter analysis using concentration-of-measure:

Lemma 2 (Johnson-Lindenstrauss style embedding, from Kozak, Becker, Tenorio ’19, Lemma 1).
’‘ œ (0, 1), if ¸ & ‘−2, Q ≥ Haar(d ◊ ¸), then ’0 ”= g œ R

d,

1 ≠ ‘ Æ
d

¸

ÎQT gÎ2

ÎgÎ2
Æ 1 + ‘ w/ prob. ” Ø 0.8

` =
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Recall…

ambient dimension 

# directional derivs

… in fact, we can have tight (dimension-dependent) bounds via standard probability facts

and the CDF of the Beta distribution can be stably computed via the Beta function

Lemma

<latexit sha1_base64="Ms/6YkmlADb0nyC+qVHNLUI6aSc="></latexit>

Let Q → Haar(d↑ ω), then ↓g ↔ R
d,

d

ω

↗Q→g↗2

↗g↗2
→ Beta

(

ω

2
,
d↘ ω

2

)

<latexit sha1_base64="v/eOqjHeZtT8Wm4Q3EjKya9ugmI="></latexit>

ω = P

(

d

ε
→Q→g→2 > (1↑ ϑ)→g→2

)

Define

For an embedding of accuracy 
<latexit sha1_base64="9KYDb2tqDT8epl8ZnmKF2GIPgkk="></latexit>

ω = 0.1

⌃ = 99% ⌃ = 99.99%

d � �/d � �/d

1000 520 51.98% 755 75.47%
10,000 933 9.32% 2086 20.86%
100,000 1013 1.01% 2532 2.53%

1,000,000 1022 0.10% 2587 0.26%
10,000,000 1023 0.01% 2593 0.03%

of directional derivatives needed for to ensure P

Example
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… in fact, we can have tight (dimension-dependent) bounds via standard probability facts

Improved theory (specialized to SSD-Haar)

Tighter analysis using concentration-of-measure:

Lemma 2 (Johnson-Lindenstrauss style embedding, from Kozak, Becker, Tenorio ’19, Lemma 1).
’‘ œ (0, 1), if ¸ & ‘−2, Q ≥ Haar(d ◊ ¸), then ’0 ”= g œ R

d,

1 ≠ ‘ Æ
d

¸

ÎQT gÎ2

ÎgÎ2
Æ 1 + ‘ w/ prob. ” Ø 0.8

` =
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d =
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Recall…

ambient dimension 

# directional derivs

and the CDF of the Beta distribution can be stably computed via the Beta function

Lemma

<latexit sha1_base64="Ms/6YkmlADb0nyC+qVHNLUI6aSc="></latexit>

Let Q → Haar(d↑ ω), then ↓g ↔ R
d,

d

ω

↗Q→g↗2

↗g↗2
→ Beta

(

ω

2
,
d↘ ω

2

)
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99%, empirical, d=100

99%, empirical, d=500

99%, empirical, d=1000

99%, theoretical bound, d=100

99%, theoretical bound, d=500

99%, theoretical bound, d=1000

99%, theoretical bound, d=1e+08

Dimensionless theoretical bound for 99%

typical accuracy

Message: usual dimensionless Johnson-Lindenstrauss style results 

are far from sharp in low dimensions (in fact, so loose that they can be meaningless) 

Only downside of tighter analysis is that we can’t write down a pretty formula
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… in fact, we can have tight (dimension-dependent) bounds via standard probability facts

Improved theory (specialized to SSD-Haar)

Tighter analysis using concentration-of-measure:

Lemma 2 (Johnson-Lindenstrauss style embedding, from Kozak, Becker, Tenorio ’19, Lemma 1).
’‘ œ (0, 1), if ¸ & ‘−2, Q ≥ Haar(d ◊ ¸), then ’0 ”= g œ R

d,
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Recall…

ambient dimension 

# directional derivs

and the CDF of the Beta distribution can be stably computed via the Beta function

Lemma

<latexit sha1_base64="Ms/6YkmlADb0nyC+qVHNLUI6aSc="></latexit>

Let Q → Haar(d↑ ω), then ↓g ↔ R
d,

d

ω

↗Q→g↗2

↗g↗2
→ Beta

(

ω

2
,
d↘ ω

2

)

due to possibility of failure of JL

error in JL embedding

Î Î

Theorem 3 (Kozak, Becker, Tenorio ’19, Thm. 1). If f is strongly convex and Òf is Lipschitz
continuous, then for an appropriate stepsize ÷k, the sequence (xk) generated by SSD (with Q ≥
Haar), for k > 100, satisfies

f(xk) ≠ fı Æ (1 + (1 ≠ ‘)fl)k/2 (f(x0) ≠ fı) with probability Ø 0.998,

where fl < 1 depends on ¸, d and the Lipschitz and strong convexity parameters.

… and putting it all together
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Extension: Variance Reduction

Algorithm SVRG-style Variance Reduced SSD method, “VRSSD”

1: for k = 1, 2, . . . do Û k is the “epoch”
2: z̄ Ω Òf(xk) Û Expensive, but not done often
3: w0 Ω xk

4: for t = 1, 2, . . . , T do Û Typically T = O(d)
5: Draw Q ≥ Haar(d ◊ ¸)

6: wt+1 Ω wt ≠ ÷
1

d
¸
QQT Òf(wt) ≠ –k

1

d
¸
QQT ≠ I

2

z̄
2

Û –k to be estimated

7: xk+1 Ω wT

Theorem 4 (Kozak, Becker, Tenorio, Doostan 2019; Thm. 2.7). If f is strongly convex and Òf is
Lipschitz continuous, then for an appropriate stepsize ÷k, the sequence (xk) generated by VRSSD
converges almost surely to the (unique) minimizer of f and at a linear rate (the rate depends on ÷k

and –k).

control variate

We do not require the ERM structure!

<latexit sha1_base64="FHhxTw147fvHdVjntDV4or2Qs9c="></latexit>

| {z }

orthogonal projection

only use control variate in orthogonal subspace 

(since we know gradient in main subspace)

regular SSD term

Algorithm SAGA-style Variance Reduced SSD method

1: Pre-compute z̄ Ω Òf(x0)
2: for k = 1, 2, . . . do
3: Draw Q ≥ Haar(p ◊ r)

4: xk+1 Ω xk ≠ ÷
1

d
¸
QQT

Òf(xk) ≠
d
¸
QQT z̄ + z̄

2

5: z̄ Ω z̄ + QQT (Òf(xk) ≠ z̄) Û Update of z̄ is low-memory, unlike original SAGA

Algorithm SAGA (Defazio, Bach, Lacoste-Julien ’14) for solving the ERM model

1: ’i = 1, . . . .N, x(i) def

= x0; store {Òfi(x
(i))}N

i=1 in table
2: for k = 1, 2, . . . do

3: Draw j ≥ Uniform([1, . . . , N ])
4: z̄ Ω

1
N

qN
i=1 Òfi(x

(i)) Û From table

5: xk+1 Ω xk ≠ ÷
1

Òfj(xk) ≠ Òfj(x(j)) + z̄
2

6: Re-define x(j) Ω xk and update table with Òfj(x(j))

our variant:

from the literature:

key: update control variate in the subspace

Algorithm Proposed coarse-model variance reduced SSD/Random-Gradient

1: for k = 1, 2, . . . do

2: z̄ Ω Òfc(xk) Û Full coarse-grid gradient
3: Draw Q ≥ Haar(d ◊ ¸)

4: xk+1 Ω xk ≠ ÷k

1

d
¸
QQT Òf(xk) + –k

1

d
¸
QQT z̄ ≠ z̄

22

fc(x) ≈ f(x)
<latexit sha1_base64="tVzAP7p4PRfwWMj1+SSucBKmYgI="></latexit>

control variate, coarse approximation, cheap to evaluate

Key idea: easy to do orthogonal projection

generic (non-algorithmic) control variates
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Extension: stepsize selection
Nesterov’s “worst function in the world”

This has intrinsic dimension of r

fi
xe

d
 s

te
p
si
ze

dimension 100 dimension 1,000 dimension 10,000

new method new method

new method

coordinate descent

coordinate descent

coordinate descent

<latexit sha1_base64="vJHGR44kdL4MJpAMHtVRqpuVkZQ="></latexit>

r = 20, ω = 3
<latexit sha1_base64="w0fry82fbtAa1fGioD6iiX9mGs0="></latexit>

fλ,r(x) = λ((x2
1 +

r−1∑

i=1

(xi − xi+1)
2
+ x2

r)/2− x1)/4,

Recall previous example
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Extension: stepsize selection
Nesterov’s “worst function in the world”

This has intrinsic dimension of r

fi
xe

d
 s

te
p
si
ze

dimension 100 dimension 1,000 dimension 10,000

new method new method

new method

coordinate descent

coordinate descent

coordinate descent
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Working hypothesis: SSD-Haar nicely exploits low-dimensional structure… 

… if we have an aggressive stepsize 

So the main question is, how to choose the stepsize? 

For DFO/0th order methods, line search traditionally considered too expensive 

    (perhaps conventional wisdom is wrong) 

We’ll provide two proposals: 

  (1) Polyak stepsize 

  (2) line search on surrogate created from low-fidelity model
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Introduction

Solving unconstrained opt㜴mizat㜴on problems of the form

typically relies on the fact that the gradient is readily available, and cheap to evaluate. Our
goal in this work is to consider problems with the following characterist㜴cs:

High dimensional: is large.
Costly to Evaluate: evaluat㜴ng requires extensive computat㜴onal resources.
Gradient free: is not available or too costly to compute.

Common problems in this se㐠ꑧng are hyper-parameter opt㜴mizat㜴on problems where funct㜴on
evaluat㜴ons require querying large-scale solvers; examples include PDE constrained opt㜴mizat㜴on
and hyper-parameter tuning for inducing-point Gaussian process regression.

Benchmark Methods

Exist㜴ng derivat㜴ve-free opt㜴mizat㜴on (DFO) methods either excel at small problems with high
accuracy or at large problems with lower accuracy. Representat㜴ve examples are trust-region
methods such as BOBYQA [Powell et al. 2009] in the former and conjugate direct㜴on methods
such as Powell conjugate direct㜴ons (PCD) in the lat㜴er [Powell 1964].

Figure 1. DFO on Rosenbrock test funct㜴on: number of calls and t㜴me versus dimensions required to reach a f㘶xed
accuracy.

Stochastic Subspace Descent

Stochast㜴c Subspace Descent uses random direct㜴onal-derivat㜴ve approximates to form an
unbiased est㜴mator of the gradient. Conceptual updates of SSD take the form

(1)

where is a draw from a random matrix-valued distribut㜴on supported on . In pract㜴ce,
we approximate the matrix product using f㘶nite dif㘶erences:

(2)

Under standard assumpt㜴ons, convergence at a linear rate for smooth strongly convex funct㜴on,
and sub-linear convergence for smooth and convex funct㜴ons are guaranteed [Kozak et al. 2021]:

Theorem: SSD Convergence

Suppose that is -strongly convex, and -smooth and that , and
for all . Then, update (1) with yields

(3)

A cost-benif㘶t analysis of SSD can be summarized as follows:

Pros

funct㜴on calls
Convergence rate

Cons

Step-size is limited by the sub-sampling rat㜴o.
Opt㜴mal rate requires lipschitz constant of .

AModel-based Derivation

Linear Model

Stochast㜴c subspace descent can be viewed as the minimizer of a linear model restricted to
the a㘠陦ne subspace :

(4)

Without further assumpt㜴on on , the above yields

(5)

To obtain the exact expression in (1), we can draw from a part㜴al orthogonal ensemble such
as .

Truncated Linear Model

Replacing the linear model with a truncated linear model provides

(6)

which is minimized by

where
if

otherwise
(7)

Note that se㐠ꑧng yields the Polyak step-size rule [Polyak 1983].

Our proposed method combines this adapt㜴ve step-size rule with direct㜴ons drawn from the
circular orthogonal ensemble and replaces with a lower bound . Our primary computat㜴onal
cost is the required to form the matrices.

Algorithm 1: SSD-Polyak
Input: , , , b
for do
Draw

end

Gradient Descent Comparison

We compare our methods to f㘶nite dif㘶erence gradient descent by depict㜴ng the error as a func-
t㜴on of the number of funct㜴on calls. Our method is successful if it can outperform gradient
descent using the same number of funct㜴on calls.

For each test problem, we compute the opt㜴mizer , target , and Lipchitz constant for
use in experiments. SSD and FDGD are run using f㘶xed opt㜴mal step-sizes, and SSD-Polyak with
a f㘶xed threshold value to prevent ill condit㜴oning.

Figure 2. SSD and f㘶nite-dif㘶erence gradient descent comparison on dimensional quadrat㜴c and logist㜴c
problems.

DFO Benchmarking

We assess the performance of our method using BOBYQA and PCD as benchmarks: using
quadrat㜴c and logist㜴c problems of dimension evaluate against BOBYQA and
for PCD.

Figure 3. SSD and BOBYQA comparison on Quadrat㜴c and Logist㜴c problems in dimensions with .

Figure 4. SSD and PCD comparison on Quadrat㜴c and Logist㜴c problems in dimensions with .

Figure 5. SSD and PCD comparison on Rosenbrock and Ackley problems in 500 dimensions with .

Conclusions

The conclusions of our experiments can be summarized as follows:

Benef㘶t from taking direct㜴ons: performance relat㜴ve to gradient descent is bet㜴er
On lower dimensional problems, BOBYQA st㜴ll succeeds in accuracy, but not t㜴me
complexity.
On higher dimensional problems ( ), we can expect bet㜴er accuracy relat㜴ve to
conjugate direct㜴ons. However, SSD-Polyak has a tendency to get stuck or slow down near
local minimizers.

References

Kozak, D., S. Becker, A. Doostan, and L. Tenorio (2021). “A stochast㜴c subspace approach to gradient-free
opt㜴mizat㜴on in high dimensions”. In: Computat㜴onal Opt㜴mizat㜴on and Applicat㜴ons 79.2, pp. 339–368.
Powell, M. J. et al. (2009). “The BOBYQA algorithm for bound constrained opt㜴mizat㜴on without derivat㜴ves”.
In: Cambridge NA Report NA2009/06, University of Cambridge, Cambridge 26.
Polyak, B. T. (1983). Introduct㜴on to Opt㜴mizat㜴on. Opt㜴mizat㜴on Sof㘶ware - Inc, Publicat㜴ons Division, NewYork.
Powell, M. J. (1964). “An e㘠陦cient method for f㘶nding the minimum of a funct㜴on of several variables without
calculat㜴ng derivat㜴ves”. In: The computer journal 7.2, pp. 155–162.

University of Colorado Boulder

Stepsize selection: Polyak stepsize

<latexit sha1_base64="an/ayNuRZHo+XddKn8zqbbwyC4M="></latexit>

η
Polyak
k

=
f(xk)→ fω

↑↓f(xk)↑2
<latexit sha1_base64="7fecl8VCosMKHbt0MzSZ6shSMBQ="></latexit>

xk+1 = xk → η
Polyak
k

↑f(xk)
<latexit sha1_base64="Nn0WgOUAGR4a1KaVBrrj6U3TqTs="></latexit>

xk+1 = xk → η
Polyak-SSD
k

QQ→
↑f(xk)

<latexit sha1_base64="pLpShf6v0f4GjhMr6v+xQc1TcsE="></latexit>

fω = min
x

f(x)

<latexit sha1_base64="j2c5mTcX2WNAjb4xGMYTfAFLnrA="></latexit>

η
Polyak-SSD
k

=
f(xk)→ fω

k

↑Q→↓f(xk)↑2

<latexit sha1_base64="NAKXW8Ef4qmTBmj4IDxDNo+d1v0="></latexit>

fω

k
= min

x∈{xk}+colQ
f(x)

Polyak stepsize for gradient descent (1983) 

Recently revisited a lot in literature

Our extension to SSD case: 

Inspired by recent analysis in literature

Adaptive Stochastic Subspace Descent
KillianWood 1 Emiliano Dall’Anese 1,2 Stephen Becker 1

1Applied Mathematics 2Electrical, Computer, and Energy Engineering

Introduction

Solving unconstrained opt㜴mizat㜴on problems of the form

typically relies on the fact that the gradient is readily available, and cheap to evaluate. Our
goal in this work is to consider problems with the following characterist㜴cs:

High dimensional: is large.
Costly to Evaluate: evaluat㜴ng requires extensive computat㜴onal resources.
Gradient free: is not available or too costly to compute.

Common problems in this se㐠ꑧng are hyper-parameter opt㜴mizat㜴on problems where funct㜴on
evaluat㜴ons require querying large-scale solvers; examples include PDE constrained opt㜴mizat㜴on
and hyper-parameter tuning for inducing-point Gaussian process regression.

Benchmark Methods

Exist㜴ng derivat㜴ve-free opt㜴mizat㜴on (DFO) methods either excel at small problems with high
accuracy or at large problems with lower accuracy. Representat㜴ve examples are trust-region
methods such as BOBYQA [Powell et al. 2009] in the former and conjugate direct㜴on methods
such as Powell conjugate direct㜴ons (PCD) in the lat㜴er [Powell 1964].

Figure 1. DFO on Rosenbrock test funct㜴on: number of calls and t㜴me versus dimensions required to reach a f㘶xed
accuracy.

Stochastic Subspace Descent

Stochast㜴c Subspace Descent uses random direct㜴onal-derivat㜴ve approximates to form an
unbiased est㜴mator of the gradient. Conceptual updates of SSD take the form

(1)

where is a draw from a random matrix-valued distribut㜴on supported on . In pract㜴ce,
we approximate the matrix product using f㘶nite dif㘶erences:

(2)

Under standard assumpt㜴ons, convergence at a linear rate for smooth strongly convex funct㜴on,
and sub-linear convergence for smooth and convex funct㜴ons are guaranteed [Kozak et al. 2021]:

Theorem: SSD Convergence

Suppose that is -strongly convex, and -smooth and that , and
for all . Then, update (1) with yields

(3)

A cost-benif㘶t analysis of SSD can be summarized as follows:

Pros

funct㜴on calls
Convergence rate

Cons

Step-size is limited by the sub-sampling rat㜴o.
Opt㜴mal rate requires lipschitz constant of .

AModel-based Derivation

Linear Model

Stochast㜴c subspace descent can be viewed as the minimizer of a linear model restricted to
the a㘠陦ne subspace :

(4)

Without further assumpt㜴on on , the above yields

(5)

To obtain the exact expression in (1), we can draw from a part㜴al orthogonal ensemble such
as .

Truncated Linear Model

Replacing the linear model with a truncated linear model provides

(6)

which is minimized by

where
if

otherwise
(7)

Note that se㐠ꑧng yields the Polyak step-size rule [Polyak 1983].

Our proposed method combines this adapt㜴ve step-size rule with direct㜴ons drawn from the
circular orthogonal ensemble and replaces with a lower bound . Our primary computat㜴onal
cost is the required to form the matrices.

Algorithm 1: SSD-Polyak
Input: , , , b
for do
Draw

end

Gradient Descent Comparison

We compare our methods to f㘶nite dif㘶erence gradient descent by depict㜴ng the error as a func-
t㜴on of the number of funct㜴on calls. Our method is successful if it can outperform gradient
descent using the same number of funct㜴on calls.

For each test problem, we compute the opt㜴mizer , target , and Lipchitz constant for
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We assess the performance of our method using BOBYQA and PCD as benchmarks: using
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quadrat㜴c and logist㜴c problems of dimension evaluate against BOBYQA and
for PCD.
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The conclusions of our experiments can be summarized as follows:
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On lower dimensional problems, BOBYQA st㜴ll succeeds in accuracy, but not t㜴me
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Introduction

Solving unconstrained opt㜴mizat㜴on problems of the form

typically relies on the fact that the gradient is readily available, and cheap to evaluate. Our
goal in this work is to consider problems with the following characterist㜴cs:

High dimensional: is large.
Costly to Evaluate: evaluat㜴ng requires extensive computat㜴onal resources.
Gradient free: is not available or too costly to compute.

Common problems in this se㐠ꑧng are hyper-parameter opt㜴mizat㜴on problems where funct㜴on
evaluat㜴ons require querying large-scale solvers; examples include PDE constrained opt㜴mizat㜴on
and hyper-parameter tuning for inducing-point Gaussian process regression.

Benchmark Methods

Exist㜴ng derivat㜴ve-free opt㜴mizat㜴on (DFO) methods either excel at small problems with high
accuracy or at large problems with lower accuracy. Representat㜴ve examples are trust-region
methods such as BOBYQA [Powell et al. 2009] in the former and conjugate direct㜴on methods
such as Powell conjugate direct㜴ons (PCD) in the lat㜴er [Powell 1964].

Figure 1. DFO on Rosenbrock test funct㜴on: number of calls and t㜴me versus dimensions required to reach a f㘶xed
accuracy.

Stochastic Subspace Descent

Stochast㜴c Subspace Descent uses random direct㜴onal-derivat㜴ve approximates to form an
unbiased est㜴mator of the gradient. Conceptual updates of SSD take the form

(1)

where is a draw from a random matrix-valued distribut㜴on supported on . In pract㜴ce,
we approximate the matrix product using f㘶nite dif㘶erences:

(2)

Under standard assumpt㜴ons, convergence at a linear rate for smooth strongly convex funct㜴on,
and sub-linear convergence for smooth and convex funct㜴ons are guaranteed [Kozak et al. 2021]:

Theorem: SSD Convergence

Suppose that is -strongly convex, and -smooth and that , and
for all . Then, update (1) with yields

(3)

A cost-benif㘶t analysis of SSD can be summarized as follows:

Pros

funct㜴on calls
Convergence rate

Cons

Step-size is limited by the sub-sampling rat㜴o.
Opt㜴mal rate requires lipschitz constant of .

AModel-based Derivation

Linear Model

Stochast㜴c subspace descent can be viewed as the minimizer of a linear model restricted to
the a㘠陦ne subspace :

(4)

Without further assumpt㜴on on , the above yields

(5)

To obtain the exact expression in (1), we can draw from a part㜴al orthogonal ensemble such
as .

Truncated Linear Model

Replacing the linear model with a truncated linear model provides

(6)

which is minimized by

where
if

otherwise
(7)

Note that se㐠ꑧng yields the Polyak step-size rule [Polyak 1983].

Our proposed method combines this adapt㜴ve step-size rule with direct㜴ons drawn from the
circular orthogonal ensemble and replaces with a lower bound . Our primary computat㜴onal
cost is the required to form the matrices.

Algorithm 1: SSD-Polyak
Input: , , , b
for do
Draw

end

Gradient Descent Comparison

We compare our methods to f㘶nite dif㘶erence gradient descent by depict㜴ng the error as a func-
t㜴on of the number of funct㜴on calls. Our method is successful if it can outperform gradient
descent using the same number of funct㜴on calls.

For each test problem, we compute the opt㜴mizer , target , and Lipchitz constant for
use in experiments. SSD and FDGD are run using f㘶xed opt㜴mal step-sizes, and SSD-Polyak with
a f㘶xed threshold value to prevent ill condit㜴oning.

Figure 2. SSD and f㘶nite-dif㘶erence gradient descent comparison on dimensional quadrat㜴c and logist㜴c
problems.

DFO Benchmarking

We assess the performance of our method using BOBYQA and PCD as benchmarks: using
quadrat㜴c and logist㜴c problems of dimension evaluate against BOBYQA and
for PCD.

Figure 3. SSD and BOBYQA comparison on Quadrat㜴c and Logist㜴c problems in dimensions with .

Figure 4. SSD and PCD comparison on Quadrat㜴c and Logist㜴c problems in dimensions with .

Figure 5. SSD and PCD comparison on Rosenbrock and Ackley problems in 500 dimensions with .

Conclusions

The conclusions of our experiments can be summarized as follows:

Benef㘶t from taking direct㜴ons: performance relat㜴ve to gradient descent is bet㜴er
On lower dimensional problems, BOBYQA st㜴ll succeeds in accuracy, but not t㜴me
complexity.
On higher dimensional problems ( ), we can expect bet㜴er accuracy relat㜴ve to
conjugate direct㜴ons. However, SSD-Polyak has a tendency to get stuck or slow down near
local minimizers.
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typically relies on the fact that the gradient is readily available, and cheap to evaluate. Our
goal in this work is to consider problems with the following characterist㜴cs:
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Costly to Evaluate: evaluat㜴ng requires extensive computat㜴onal resources.
Gradient free: is not available or too costly to compute.
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Step-size is limited by the sub-sampling rat㜴o.
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AModel-based Derivation

Linear Model

Stochast㜴c subspace descent can be viewed as the minimizer of a linear model restricted to
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Without further assumpt㜴on on , the above yields
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To obtain the exact expression in (1), we can draw from a part㜴al orthogonal ensemble such
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Truncated Linear Model

Replacing the linear model with a truncated linear model provides
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which is minimized by
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otherwise
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Note that se㐠ꑧng yields the Polyak step-size rule [Polyak 1983].

Our proposed method combines this adapt㜴ve step-size rule with direct㜴ons drawn from the
circular orthogonal ensemble and replaces with a lower bound . Our primary computat㜴onal
cost is the required to form the matrices.

Algorithm 1: SSD-Polyak
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Gradient Descent Comparison

We compare our methods to f㘶nite dif㘶erence gradient descent by depict㜴ng the error as a func-
t㜴on of the number of funct㜴on calls. Our method is successful if it can outperform gradient
descent using the same number of funct㜴on calls.

For each test problem, we compute the opt㜴mizer , target , and Lipchitz constant for
use in experiments. SSD and FDGD are run using f㘶xed opt㜴mal step-sizes, and SSD-Polyak with
a f㘶xed threshold value to prevent ill condit㜴oning.
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We assess the performance of our method using BOBYQA and PCD as benchmarks: using
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The conclusions of our experiments can be summarized as follows:
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Stepsize selection: bifidelity surrogate
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Convergence analysis in our preprint “Stochastic Subspace Descent Accelerated via Bi-fidelity Line Search” 
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ML bifidelity example 1
Premise: suppose we have a cheap, inaccurate approximation 
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f low

Example: black-box adversarial attack  Carlini & Wagner ’17, black-box extension Chen et al. ‘17 

   For a given sample, find a small perturbation such that the machine learning algorithm misclassifies it
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min
ω

→fcross-entropy(g(x
† + ω), y†) + τ↑ω↑2

switching to ML notation!

model output: vector with probability of different classes

particular training example 

(features and true label)

encourages small perturbation

Context: 

  - black-box model 

  - high-dimensional, low accuracy

Image source: Explaining and Harnessing Adversarial Examples, Goodfellow et al, ICLR 2015
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ML bifidelity example 1
Premise: suppose we have a cheap, inaccurate approximation 
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Example: black-box adversarial attack  Carlini & Wagner ’17, black-box extension Chen et al. ‘17 
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min
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→fcross-entropy(g(x
† + ω), y†) + τ↑ω↑2

switching to ML notation!

model output: vector with probability of different classes

particular training example 

(features and true label)

encourages small perturbation

Train two models on MNIST data: (60k training, 10k test) 

f is output of large model, trained conventionally 

     is output of small model 

     trained not on MNIST but on output of large model 

     (knowledge distillation), 1000 samples

                      Large model         Small model 

# parameters     3,274,634            27,562 

Test Accuracy     99.02%               82.21%

MNIST is 28 x 28 images so d = 784
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119x larger

Context: 

  - black-box model 

  - high-dimensional, low accuracy

In some scenarios, small model 

is not just cheap but “free”

convolution (32 filters) -> convolution (64 filters) -> 

max-pooling/flatten, fully connected (1024 neurons) 

-> 10 class output.     ReLU activation, 5x5 kernels 

convolution (2 filters) -> max-pooling/flatten, fully connected (16 neurons) 

-> 10 class output.     ReLU activation, 2x3 kernels
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ML bifidelity example 1: Results

(a) GD (Label=5, Predict=5)

(d) BF-SSD (Label=5, Predict=6)

(b) SPSA (Label=5, Predict=6)
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ML bifidelity example 2
Premise: suppose we have a cheap, inaccurate approximation 

Example: soft prompting black-box LLM 

   We want to fine-tune a LLM like BERT or GPT 

   Instead of modifying network, lightweight alternative is to learn embeddings that are prepended to input sequence
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x∈Rd

E(z,y) [CE(fc(cat[x, ftoken(z)]), y)]

Pretrained:

tokenizer converts strings of any length to an embedding

classifier (we use small DistilBERT, small version of BERT)

Task: binary sentiment analysis (classify a movie review as positive or negative)

data from aclIMDB database

f uses a sample size of 10 

     uses a sample size of 2    
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d = 784

transformer
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CE(fc(cat[x, ftoken(zi)]), yi)

Context: 

  - black-box model 

  - high-dimensional, low accuracy
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ML bifidelity example 2
Premise: suppose we have a cheap, inaccurate approximation 

Example: soft prompting black-box LLM 

   We want to fine-tune a LLM like BERT or GPT 

   Instead of modifying network, lightweight alternative is to learn embeddings that are prepended to input sequence

<latexit sha1_base64="mc8oAmZKjhiNyahsksM7LTb57zU="></latexit>
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Lt×d

→ [0, 1]

<latexit sha1_base64="GocDU+rB097R1B1kIZXHaH6GfRE="></latexit>

ftoken : str → R
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<latexit sha1_base64="AaWYMWpi95aq9cmjDbbe+uEpMPg="></latexit>

(z, y) ∈ str× {0, 1}

<latexit sha1_base64="/kWshytbXRjBtUS1Bxl4FleI3Lw="></latexit>

x
ω
∈ argmin

x∈Rd

E(z,y) [CE(fc(cat[x, ftoken(z)]), y)]

Pretrained:

tokenizer converts strings of any length to an embedding

classifier (we use small DistilBERT, small version of BERT)

Task: binary sentiment analysis (classify a movie review as positive or negative)

data from aclIMDB database

f uses a sample size of 10 

     uses a sample size of 2    
<latexit sha1_base64="DhbYHfVzzoif02X24k8CVEXC1fY="></latexit>

f low

<latexit sha1_base64="OsA+kmA8ENr48zS2uQh2Ks942JU="></latexit>

{

cross-entropy loss

risk, replaced by empirical risk for training

d = 784

transformer

High-Fidelity 

Low-Fidelity

<latexit sha1_base64="raEsHodzGSLBEY8d0t7r8oVIZso="></latexit>

f(x) =
1

10

10∑

i=1

CE(fc(cat[x, ftoken(zi)]), yi)

Context: 

  - black-box model 

  - high-dimensional, low accuracy
<latexit sha1_base64="DhbYHfVzzoif02X24k8CVEXC1fY="></latexit>

f low
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ML bifidelity example 2: Results
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Equivalent High-Fidelity (HF) function calls

BF-SSD

Spall’s SPSA

<latexit sha1_base64="Togv8dAEffdN5kMJTdIqTmJThow="></latexit>

ω = 50

HF-SSD uses 

“perfect” linesearch



Stephen Becker (CU) 0th, 1st and 2nd order optimization methods for learning problems CRM Workshop: Optimization and learning: theory and applications 2025 

Part 2: 2nd order methods
Joint project with Cooper Simpson (U Washington)

Most machine learning (ML) algorithms use 1st order optimization like (stochastic) gradient descent 

That’s generally a good idea! But in some cases, 0th and 2nd order methods make sense 

Learning objectives of this talk 

0th order optimization / “derivative-free optimization” 

Introduce a class of 0th order optimization methods 

Argue that stepsize selection is a key issue 

Show some ML examples where these methods make sense 

2nd order optimization 

Introduce a variant of Newton’s method 

Demonstrate why non-convexity has to be taken more seriously 

Argue that linear algebra is a key issue 
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(a) Streamwise velocity INR reconstruction at 0.94% relative

error and 42.1dB PSNR at 1,982x compression rate.

2nd order methods for machine learning

Traditionally, 2nd order methods not considered for ML tasks like training neural nets: 

for models with billions of parameters, the linear algebra per step is too expensive 

harder (not impossible) to do standard ML tricks like mini batch sampling 

sometimes perceived as converging to less desirable solutions (less generalizability??) 

… but they have their place: 

quasi-Newton variants are common for training physics-informed neural networks 

there are plenty of tasks that are smaller 

e.g., knowledge distillation of many small networks 

for compression tasks, neural networks must be small (by design) 

SineLinear Linear Sine

SIREN Block SIREN
Block

Target INR

SIREN
Block

Hypernet

Linear
Signal

Example: knowledge distillation 

or sketching 

(to enable streaming training) 

with Implicit Neural Representation 

like SIRENs, NeRF…

joint with C. Simpson, A. Doostan
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2nd order

<latexit sha1_base64="/0TYfQU1P6QbWq9Mq7h0as11ass="></latexit>

[x0, y0] = [.3, .1]

<latexit sha1_base64="RLBIB8dKoxoV3vCZV8vL8gyIvkk="></latexit>

f(x, y) =
1

2

(

x2
− y2

)

· e−(x2+y2)/σ2

<latexit sha1_base64="EV5c3/A7HDxlgxmXMY7UXpzwr1M="></latexit>

[x0, y0] = [.1, .1]

Prototype:   Newton’s method

where
… but Newton’s method need not converge, or for non 

convex problems, may converge to the wrong point

non convex example

initial point
initial point

… converges to a local max! … converges to a saddle point

thanks to Michael McCabe for assistance with graphics

<latexit sha1_base64="dle2G0KVLSCuupD2NRAeGSn4iQw="></latexit>

min
x∈Rd

f(x)

<latexit sha1_base64="hKskrqVU+haIoLxr9xD/lGZdMGQ="></latexit>

x → x↑ ηH
−1

↓f(x)
<latexit sha1_base64="e7hmG0m2lT0Lj8n58vdSf/5a6mI="></latexit>

H = →
2f(x)



Stephen Becker (CU) 0th, 1st and 2nd order optimization methods for learning problems CRM Workshop: Optimization and learning: theory and applications 2025 

2nd order method: Saddle-Free Newton

See "Identifying and attacking the saddle point problem in high-dimensional non-convex optimization", by Dauphin, Pascanu, Gulcehre, Cho, Ganguli, Bengio (NIPS 2014) 

and Nocedal and Wright (2004)

Prototype:   Newton’s method

where

How to prevent convergence to bad stationary points? 

     In addition to a line search, a common strategy is to replace     with      

 

Sometimes called “Saddle-Free Newton” (SFN) 

 

It’s a heuristic, and simpler/cheaper than a proper* treatment of nonconvexity 

 

* e.g., trust-region methods or cubic regularization 

Research question: can we modify SFN to make it work well, 

     and analyze rigorously as well? Can we quantify how it avoids saddle points? 

<latexit sha1_base64="HXnVzjfgHBYbiI3p5Tg4JcryfKY="></latexit>

x → x↑ ηH
−1

↓f(x)
<latexit sha1_base64="e7hmG0m2lT0Lj8n58vdSf/5a6mI="></latexit>

H = →
2f(x)

<latexit sha1_base64="8vvAUdHXiiIaze5FgN0cyxaLOv0="></latexit>

H |H|

<latexit sha1_base64="E5dPTb7WgnrykWs2j7IVdtAM7dY="></latexit>

H = V











λ1 0 · · ·

0 λ2

.

.

.
. . . 0

0 λn











V
→

<latexit sha1_base64="0P+C4iAtMFBGPr5gUs2uBiZMblQ="></latexit>

|H| = V











|λ1| 0 · · ·
0 |λ2|
.
.
.

. . . 0

0 |λn|











V
→

https://www.google.com/url?q=https%3A%2F%2Farxiv.org%2Fabs%2F1406.2572
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Our proposed method: Regularized Saddle-Free Newton (RSFN)

since

Newton

Saddle-Free Newton

Regularized Saddle-Free Newton

<latexit sha1_base64="e7hmG0m2lT0Lj8n58vdSf/5a6mI="></latexit>

H = →
2f(x)

<latexit sha1_base64="HXnVzjfgHBYbiI3p5Tg4JcryfKY="></latexit>

x → x↑ ηH
−1

↓f(x)

<latexit sha1_base64="J1IvJxsxhxA7wrHjsuBHoRJY7FA="></latexit>

x → x↑ η |H|
−1

↓f(x)

<latexit sha1_base64="L4l0j1j7RPgcv3fVS16ebFhjAKw="></latexit>

x → x↑ η
(

H
2 + λI

)

−

1

2
↓f(x)

<latexit sha1_base64="PQkLypBZbLljuhepnUlwCqqXwko="></latexit>

|H| = lim
λ→0

(

H
2
+ λI

)

1

2

why regularize?  easier linear algebra (smoother) and needed for analysis

<latexit sha1_base64="+3VWVTjUJy5dX2VYe3/win9FMaU="></latexit>

z

<latexit sha1_base64="nGiPzpacqTDFzRA+xBPXw7IMqgk="></latexit>

(

z
2
+ .1

)

−

1

2

<latexit sha1_base64="e/rrm1kLPrDWad+q9Ht7CM7duIk="></latexit>

|z|−1
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Our method (and context)

M is the Hessian Lipschitz constant

Method Ĥ η λ Global Convergence Non-convex Fast Impl. Comments

Newton →2f(x) 1 0 ✁ — ✂ —

Reg. Newton [3], [5] →2f(x) + λI 1
√
M↑→f(x)↑ ✂ ✁ ✂ —

AICN [4] →2f(x) −1+
√

1+2G
G 0 ✂ ✁ ✂ G is a local smoothness constant

SFN [2]
∣∣→2f(x)

∣∣ (0, 1] 0 ✁ ✂ ✁ —

LRSFN [7]
∣∣→2f(x)

∣∣
r
+ λI (0, 1] (0, 1] ✁ ✂ ✂ Rank-r approximation

Cubic Newton [6, 1] →2f(x) + λI 1 M↑x↓ xk↑ ✂ ✂ ✂ Requires solving complicated sub-problem

NCN [8]
∣∣→2f(x)

∣∣
m

1 0 ✂ ✂ ✁ Small eigenvalues replaced by m, requires complex perturbations

RSFN (Ours)
((

→2f(x)
)2

+ λI
)1/2

(0,↔) M↑→f(x)↑ ✂ ✂ ✂ Linesearch when M is unknown

<latexit sha1_base64="fWlhJT9mkR1splQq2ir82N6GcU8="></latexit>

x → x↑ ηĤ
−1

↓f(x)
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Theory results: it avoids saddle points

<latexit sha1_base64="JOuFvk1qmU6YFXugUqKH6BCibcE="></latexit>

→f(x) = 0
<latexit sha1_base64="HlfHc80YXnpHO52/D28Yb7BUBp4="></latexit>

→f2(x)

Definition: Strict Saddle Point 

A strict saddle point x is a critical point, i.e.,                , where there is at least one direction of negative curvature, 

so the smallest eigenvalue of             is strictly less than 0.

If all saddle points are strict, then all second-order stationary points are local minima

Proof sketch: 

  At a strict saddle point, fixed point map is a local diffeomorphism and has at least one eigenvalue strictly larger than 1 

  Use stable manifold theorem to guarantee not converging to any particular strict saddle (i.e., probability 0) 

  Use Lindelöf’s lemma to guarantee countable set of manifolds covering all such manifolds 

      (and measure of countable union of measure zero sets is zero)

Theorem: Saddle Avoidance 

Under some assumptions, the RSFN iteration avoids strict saddle points with probability 1, assuming the initial point 

is chosen randomly according to any absolutely continuous distribution

https://en.wikipedia.org/wiki/Victor_Lindel%C3%B6f
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Theory results: it converges

<latexit sha1_base64="zQnsDBL36K7SIJpJLbi/rwaOpXM="></latexit>

ω

<latexit sha1_base64="UUN3PXEMSy+05p3bOsIvuuC8gx0="></latexit>

O(
√

ω)

Theorem: Global Convergence 

Under some assumptions, the RSFN iteration converges to a first-order stationary point 

Theorem: Convex Convergence Rate 

Under some assumptions, the RSFN iteration converges to an   -optimal point in          iterations 

Theorem: Local Super-Linear Convergence 

Under some assumptions, the RSFN iteration will converge super-linearly in the neighborhood of a second-order stationary point



Stephen Becker (CU) 0th, 1st and 2nd order optimization methods for learning problems CRM Workshop: Optimization and learning: theory and applications 2025 

Solve                         where

Computing the Newton step

where

Dagréou, Ablin, Vaiter, Moreau ’24: https://iclr-blogposts.github.io/2024/blog/bench-hvp/ 

Forward-over-reverse, reverse-over-reverse, reverse-over-forward 

Good (and constantly improving) implementations exist in Python (PyTorch/jax), julia, …

Oracle: Hessian Vector Product (HVP)

We do this “matrix free”

<latexit sha1_base64="UU4FIE68D5m4Nhf6uW4J+pXx674="></latexit>

→
2f(x)v =

d

dt
ϕ(t)

∣

∣

∣

∣

t=0

<latexit sha1_base64="I/p2fbJD5mq8OBOB/AAAKFu7WLY="></latexit>

ϕ : R1
→ R

n

ϕ(t) = ↑f(x+ tv)

i.e., so this can be done efficiently via automatic differentiation

<latexit sha1_base64="f+GsEeCZzb82aePEiZpG5C+6KPs="></latexit>

(

H2
+ λI

)

−1/2
g

<latexit sha1_base64="E1yAaWsVJD0zSNvuyvBLaI7KoKE="></latexit>

H = →
2f(x)

<latexit sha1_base64="xeeCcA6PfS+9gBK/wx84MA4zxuk="></latexit>

v →↑ Hv

Long history of “matrix-free” Newton, “Newton-CG”, 

“Newton-Krylov”, “inexact Newton”, etc.

https://matdag.github.io/
https://iclr-blogposts.github.io/2024/blog/bench-hvp/
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Method 1: Shifted Lanczos Quadrature

via Cauchy integral representation 
cf. N. Higham, Functions of matrices: theory and computation (SIAM, 2008)

Solve via quadrature rule, like Gauss-Laguerre; or, make Cayley transformation

and use Gauss-Chebyshev weights (of the first kind), with standard nodes and weights 
(want weights non-negative to guarantee descent direction)

<latexit sha1_base64="ojftKwtVm7SvfjVuWlHotF46aoE="></latexit>

s = −β
1− t

1 + t

<latexit sha1_base64="nvo126HOMEvW42HClRWdGuCYMJM="></latexit>

si,ωi ∀i = 1, . . . , N

<latexit sha1_base64="xR/Cs1PYsO0CuZhkTLDwTwS5HYk="></latexit>

µi = (λ− β)si + (λ+ β)

We have a sequence of shifted matrices, so can re-use computations!

Setting gives

solve with Krylov-subspace method Shift invariance of subspaces:

Use Krylov.jl (Montoison and Orban), inspired by Dussault, Migot and Orban’s ARC code

<latexit sha1_base64="6l/zB967bWx5fQmm0jhTUnKSgns="></latexit>

(

H2
+ λI

)

−1/2
g =

2

π

∫

∞

0

((

t
2
+ λ

)

I+H2
)

−1

g dt

<latexit sha1_base64="jz8E6CE97hMsX4ymafLqkKTOudU="></latexit>

(
H2 + λI

)
−1/2

g =
2β1/2

π

∫ 1

−1

(1− s)−1/2(1 + s)−1/2

︸ ︷︷ ︸

ω(s)

(
((λ− β)s+ (λ+ β)) I+ (1 + s)H2

)
−1

g ds

<latexit sha1_base64="kSLF9dIyjbkwuCmKN4lnqbtx/Cc="></latexit>

(

H2 + λI
)

−1/2
g ≈

2β1/2

π

N
∑

i=1

ωi

(

µiI+ (1 + si)H
2
)

−1

g
<latexit sha1_base64="ddzIizVMNwkeiuyoONnf28biJoA="></latexit>

Kk(H,v) = span
{

v,Hv,H
2
v, . . . ,H

k−1
v
}

<latexit sha1_base64="rtW/40bivxiw3gwDMvMF1BqobVk="></latexit>

Kk(sH + µI,v) = Kk(H,v)

comment: Newton-Schulz (cf. N. Higham) doesn’t seem to be applicable
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Method 1: Shifted Lanczos Quadrature

via Cauchy integral representation 
cf. N. Higham, Functions of matrices: theory and computation (SIAM, 2008)

Solve via quadrature rule, like Gauss-Laguerre; or, make Cayley transformation

and use Gauss-Chebyshev weights (of the first kind), with standard nodes and weights 
(want weights non-negative to guarantee descent direction)
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s = −β
1− t

1 + t
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si,ωi ∀i = 1, . . . , N
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µi = (λ− β)si + (λ+ β)

We have a sequence of shifted matrices, so can re-use computations!

Setting gives

solve with Krylov-subspace method Shift invariance of subspaces:

Use Krylov.jl (Montoison and Orban), inspired by Dussault, Migot and Orban’s ARC code
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Method 2: Nystrom sketching / randomized linear algebra

orthonormal columns, isotropic column space

via p HVPs

cheap

cf. Tropp, Yurtsever, Udell, Cevher ’17 

(and Frangella, Rathore, Zhao, Martinsson…) 

github.com/tjdiamandis/RandomizedPreconditioners.jl

Downside: approximates Hessian only, ignores RHS 

Hybrid variant: use this as preconditioner for Krylov subspace based method

Step 1: draw random matrix

Step 2: compute sketch

Step 3: linear algebra 

          postprocessing

<latexit sha1_base64="HMb3T9RRuwJ+CVRo3NmSn9O3eUU="></latexit>

Y = HΩ
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Ĥr = [[ĤNys]]r

(careful numerical 

implementation not shown)
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Ĥ2

r + λI

)
−1/2

g

<latexit sha1_base64="rolXVl/6ldbugXVLyjA2wuuTKt8="></latexit>

Ω ∈ R
d×p

, p ≥ r
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Method 3: Lanczos Function Approximation

cf. recent work by Chen, Tyler, Amsel, Greenbaum, Musco, Musco

<latexit sha1_base64="fz5MOWY4CiKvPdLV43DMp7smhPk="></latexit>

f(z) = (z2 + λ)−1/2

done via eigenvalue decomposition of    (cheap, since tri-diagonal)
<latexit sha1_base64="JEGu3RcmSUXMMxAk/0dNOuoI50c="></latexit>

f(Tk)
<latexit sha1_base64="JO48SoVI260+ii9iHnGZKzGNnEY="></latexit>

Tk

The Lanczos algorithm builds a tridiagonal approximation of a symmetric matrix using matrix-vector multiplies

most commonly used to find eigenvalue decompositions

We want to apply this function spectrally

closely related to 

conjugate gradient

So our approximation is

Of all 3 methods, this gives us the best results 

   — possibly related to avoiding squaring the condition number? 

   We have some preliminary theory to suggest accuracy is similar to that of solving equation (with Lanczos)

<latexit sha1_base64="6HV7lxIVAZwFgyCX0sLEwXOTeD4="></latexit>

H ≈ QkTkQ
→

k

<latexit sha1_base64="OAMrvTGwr6uWjfxDygz2YD5t0tY="></latexit>

(

H2 + λI
)→1/2

g ≈ Qkf(Tk)Q
↑

k g
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Experiments: Rosenbrock

f(x) =
d−1
∑

i=1

100
(

xi+1 − x
2
i

)2
+ (1− xi)

2

[12] Jean-Pierre Dussault, Tangi Migot, and Dominique Orban. “Scalable adaptive cubic regularization methods”.

In: Mathematical Programming (2023), pp. 1–35.

<latexit sha1_base64="PwmpoCY11g+NhV2xdeOboO46K2U="></latexit>

d = 100

ARC implementation modified from:
Code: Julia package 

https://github.com/rs-coop/QuasiNewton.jl 

and experiment code at …/rs-coop/R-SFN

Results: RSFN usually similar to ARC and SFN

https://en.wikipedia.org/wiki/File:Rosenbrock_function.svg

SFN
(heuristic)

R-SFN

R-SFN
ARC

Newton

SFN 

(heuristic)

https://github.com/rs-coop/QuasiNewton.jl
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Experiments: Michalewicz function
https://www.sfu.ca/~ssurjano/michal.html

Very non convex, d! local minima

Sometimes we do much better than ARC

<latexit sha1_base64="Ksg+G+RNmjf20zJXxcQ84tI3b/U="></latexit>

d = 1000
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f(x) = −

d
∑

i=1

sin(xi) sin
20

(

ix2

i

π

)

NewtonNewton

SFN 

(heuristic)

SFN 

(heuristic)
SFN 

(heuristic)

SFN 

(heuristic)

ARC

ARC

R-SFN
R-SFN

R-SFN

R-SFN
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Appropriate subset of CUTEst test suite

CUTEst.jl: Julia’s CUTEst interface. https://github.com/JuliaSmoothOptimizers/CUTEst.jl

Performance profile

Results: ARC is usually a little better 

(depending on the exact metric) 

but RSFN is comparable

Quantity: relative distance to best minimum
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Conclusion

Code: Julia package 

https://github.com/rs-coop/QuasiNewton.jl 

and experiment code at …/rs-coop/R-SFN

0th and 2nd order methods have their roles 

stepsize selection (and/or line search) is important 

multi fidelity is useful

https://github.com/rs-coop/QuasiNewton.jl

